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B Tho p ohnhjlity ntructuru L”fn ruul two dlmennlonal station-'

"gﬁtfary (zoro ruun) Gnuualwn voutor proroaq Ix(t).'y(t)l )= °‘< t < °°-"'

fﬂis spc 1flod ( ln 1h

.uOﬂ lutolv contlnuoun canu) by f (\), (1)

.’

-'~tbe svec,rul donnt lon or thn x(t) nnd y(t) processaa rcdﬁoctlvelv.

3}i.c(x) L“e.»oawwuhru] dnnn'tv, nnd q( ) the quadrauure :poccrul

f faenq1tv (- oo*k ‘< A)).

in

Thn ﬂlsuurtntton trontu thv prob‘hn of

:'jo‘vt‘y v\tlmntinw (ln n \ultaolo svnqo) f (K). (\) C(X)n q(k)

ffrom B rlnltn pnvb ol . nrmp]u tuuutlon or Lhn‘x(t).?(b)'- @<t < @y
‘"?,process.

An uppvnxlmutlon tu Lxu jolnt bnm)llng dintrlbution of

tha uatlmntovn rnr (x),» ey (X ), c\l), q(l) in obtninod.: 1his

‘;app‘ax‘wnta anmpllnn dl«trlbut\cn tormod n Comnlox Wishart diutri- o

v

. butlon qarveﬂ nn Lhu ntnrtln\ polnt 5n lho d«ri:n*ion ct upproxi-

Q mate sampllng dlnbrlbuhiou! or’ontlmatovu fux lunrt;onnof f (?).

mho gls.nxtuhlnn was mptl\utod by the noed or nxpcrimentops

elds Buuh nn micromatunrology, oceunoh nphy, olectridnl

. exg‘neorin\, und unronuvtlcn\ ox\inobrlng to utntistically estimnte

s qol.

— .
pa“nretarw" annlnvtuvialn\ \holr pnlthblﬂ“ phyﬂ‘cal syqtomq and

to-trva§ »hn nnmy‘lnh vnxlu!llltv of oqtimntoxn ror thol purametexs"

Ia s Puﬂbo“'of annen” the pu'u“utara" to Lo nqtimntod are. funnLions

of tha dan \lenn r (\),. (\) :C(X), q(k) of o reanl Luo—dimcnsLonul

ey \'n\n mnnn) Unnﬂ\lnn \vvtor prOLunx.
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<5 g 1,0- Introduction

-Th&; chapter statos the astimation prcblow studied,

Alreiglimiel

R

- s ) ‘.') i
il _ the motivation for Lhe problem, and the rosulta achiaved, AL
S C . ] : e
R R 1.1 ' Genernl Statement of Problcem and Results ‘ IR
H R ' The ptrobabllity structure of a reé) two-dimcnéior:ul o

statlonary (z_ei*o menn) Gautalen vactior proceas [=(t), y‘( t)]'

P

- <t < w,. is specified (In the ab.;olutoly_c_ontlt.ubus

case) by tho spectral deaslty metrix

rxx(x) - (xy(x)

N DN
.

S s S - w< X <o)

.
P

S VI g

.

e
"
.

where:

Ca

It

(=% = £, (N), fucl-n) = £ (x},

(‘(1) continuous, fxx XX vy vy

LN =L 1o, £._(x)

xy xy r o (x), rnd

yx Xy

"

&S
N -
g

o .

> . . 2
k (A 20, £, 000 20, £, (0 (1) |rxy(x)| > 0. =
b : AR N
= n (1.1) RO
e . Ny
;.;: !‘u(x) = spoctral density of x(t) process, 2“:-'.:
\:; . VAN
'g ryy( A = speciral denalty of y(t) procens, L-Re
- : ‘ e
< , : WA
N fxy(k) = c(x) + {gla) = c¢vra9s spectial dertity of _:
.-‘ ‘.‘ \‘.\
o the x(t) process with the ¥(t) prccess, R
ST
" 1

SN YRR
!
!
1
|
!
.
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c(A) ® cﬁbpodﬁrulfdonaity - Roalﬂpart r*,(x);,
q(\) = quadrature spsctral density
‘s Imsgluary part fxv(k).

lhe dlsae}thtlon treats the problem of joinfﬂy estli-
mating €, (3}, fyy(l). e(a), q(X) from é finlto part of a
sample function of the {x(t), y(t)] process. To bse nrre
preclae; what 13 ostimated 13 not the ®spot? dennities
T (x), (x), c{r), qin) rut wolghted integrals or these

densttlea whero the dejghcs are’ such 18 to co~centrnte mast

or thelr masa' in narrew frequency banbs. Emphasis ia

" pleced on the study cf the sorpling variability of the esz!-~

mators,  An upproxi :atlen to the joint sumpling dlstributliza
of the ostimatora for r )y £ 0, c(a)y ax) s o
obtainzd, This apyr roximato cunpllng dle tribution ls torroi
a Complex Wishart diatr;bution. tprealn diuvributlona
déerpd from the Complex w1shartrdi;t;ibu:;én_urc.npﬁb:xi-
nat. sanpling distributioﬁs of estimators ior functions cf |

fxx(l), fyy(k),'c(k), q(A )} such as

(1,2) ___~3_. o (c+1q)'1£?fqn' e ., 4

xxTyy fex xx XX

and such distributions ore oxtensively discussed,

1,2 Motivation and Orlentation

The dissertation was motivated by the neod of exger-l~

renters In flelds such as micromsteoralogy, oceancgripry,
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e e con fhim QM AR Whe A, e ASRE AT ¥ wen ot eB M eheiet wht b et e Be -

eléckéiéal ongin&nring, tnd.Aeronuﬁt@éql,engineoring to
stntisticnlly estiﬁﬁto 'parsiatera" chnfnﬁiorizing.thoir
pabtigulat prysical aystexs and to trcat the sampiing
v:riaSility of bﬁe egcim':ors for tae “piraﬁaiors". ‘In
& number of-:asos tho-ﬁparl:etgrs”.:o L estimated cen be

regarded as functions of the.densitles rxx(x>, ryy(x),_

“e(n\), ala) of & th-di‘enSLcnal stniiunary (zerc mean)
Gaussian vecior process. Erazples of such functions of

physlcal stzaificance ardlgiven vy {1.2). To 11lustrate

this the réllowiné (scormewhat artifical arnd idealized)

exarple frcm the theory of gravity wavea is given to shew

hiow a statistical estimate of the functlon Arg,le+ig)

~of a sultably defined p *ss could serve 23 - ~as's [or

detcrmining the physlce’ Hnstent g,

Cengider the 3mall oscillations of the freeo sur-
face of an 1ncompressiﬁle 1nfiﬁitely deen fluld in the
ca3e when the motion 1s such that the free surlace ay

any instant ¢l time has porallel stralght ridges and

- furrows. A simple harmonlc zrogressive ave of [requency

w1ls thea a wave such that thes helght of the free surface

at positien L. and tlize t !s given by

(1.3) = (L.t) = o sin{ws- ::3 + ¢b).
5

Tre wavae nu(L,t) progresses In the positive L dlrection,

For & superpycesicion of such presreasive waves the [ree

¢

surface s glven by

‘M’-y@&q

YR

b’

@

KN
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) mLe) = S sin(ute 2L g ase),
: 0 o g - R

Por a random {independent phasos)'suparposltidn of such progressive

wavas the ryeoliurfaco iy gliven by

. e 3y ,
1.5)  n(L,t) =/ Teos(wt- :gi)dU(w) + alnf{wts ———)dv(w)]
0 & .

o~ - v ~aTEESN &2 L A Y. N - - B
h A e M e TR e st s AT e 2 ALS.LT L Rl

Tl{w) and V(@ are resl Gavassian procasses;. 7
£ aUlw) = B a¥(w) = 9, e %

V]

.l

s dT(w)dv(a') = 0,

)
-~

? S | £ ay{a)dU(w') = 0 = E d7(e)av(w') 1t
S - E [a0(e)]? = E(aV(e)]? = s(a)du.

Toe represent ut'on (1 S) servos as a rathermatical model for

g"aphv a Gaussian 11r1nitely long

wnat 13 termed in oceano

crest ted confused soa, Consider now the tuo-dinensionul

cesy [x#(t), yu(t)] obtalﬁed by measuring the

At
V2T UL Pate]

Lwo po;nts which are a dlu-

.

=alcht of the free 3urrace av

| ) <sanze L apart. I there ars no errors cf measurersant,
- —_ ) {xs (%Y, yn(t)) Ls a LWwo-dimensiznal staticnary (zefo mean)

Zausslan process, and the spectral density matrix ol thils

srocess 1is

l-lm“L 7
, s{w) ) g 3 (w)
(1.5) t{w) )
1wl
Lo——g s(w) s{w)
. — L]
- Lk -

.wx\‘_\*\*v\ _)
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ihﬁs L
(L) o e te) = se)

XX

,,ryy(“? i 3‘93

cc(w) + 1q(w)

=9 8 ’(w) .

If, howsver, there are errors ex(t) and ey(t)

in measuring the helghts =x(t) end y(t) respactively,

. and thece errors are sampls functlens of statisnary {zero

mean) Saussian processes incoheront wich asach other and
with t¥e randem hetghte x(t), y(t), then the spectral

: ©
density matrix ¢f the prccess [x“(t),-y (t)) is

- -4 w9, —

X ’.."
e ]
Pl

: 8
. sfw) + g, (W) ° s(w)

24,
'

/

(;.é)» o) =

l'l
'a":
L

B a(w st 4 © - - RIS
e - g g

.;:
[ ]

4
Y

a

RS

From (l.8f

P
N

A Ay
A

[
'y

t
< %

by

X(w) = 3(“)) + 361((‘))’.

»

X 8

(1.9) f;y(“) = afw) ¢ "oylels

~1 WL
-]
;“(w) + 1q”(m)= o B g(w) = s(w)cosﬁfg - ia(w)sin9§£
: s

Thus,
w9y,
[

{1.10) Arg (Mw) + lqu(w)l 2 .

",S -
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and the phvsical convtant g 1s glven by‘

-~
N
-
N

LA 7 o
Arefe“(w) + lq“(w)l .

(a1 g

1f frg (e®(0) + 19" (w)] 13 ostimated from a finlte length

. ) of measurod .record [x“(t), 7°(t)); 0zt = T, an ostimats E o .t;'”
kt*. . , g . , f g cnnﬁbo qbtuinad Ly substituting th;ﬁ eatimate for ;
}:ﬁ Argfc“(m) * iqf(m)] in (L.11)s From (1.7) and (1.9) 1t
it‘ ts seon that c”(w) + iq“(u) = elw) f“léfb), so;:hat the

b P
AR P,

errors ux(t), oy(t}' do not affect the thsoretical erosse

k- sivctrum, The orrors do not however affect tho veriablility " ORI,
N . - ’ ' -.."
gul of astimators for the cross.spectrwn. I- gencral, as : -$' =~
- sox(w), uey(m) increase, the lensth of reesd requirsd to N

, - .

catlmate the cross.spn:irur (with fixed confiderce) also paan )
Increasas, Tha dissertatlcn provides tho macninery for T NN
quantitatively studylne how the varlability of the estina. g
tors for the gpectra und crsss-specitdis and, what ta of .
particular interaest In the aituation jfuav treatud, how the

A ' - :

7y variabllity of the eatimatsrs for Arzle™(w) + iq“(w)] .

]

v - : - -
bﬂ- vary as the longth of sam;le recciu .acreased, i ST
ﬂ . . -.. _ _._
!- . Spectral donsities are cszentlally varidances and - R
OO cospectral and quadraturs spectrsl Zansitles are essontially S

covariances, One can thus rigntly thirk of the dlasgsrtation
a3 dealing with a ospeclal tople in tre thaory of "mcasuring! S
[T
variances and covarilarnces, ard wiin relatlsn of such c
Roapnan A n ..t- wn 2 s “f et --‘:-.'.*\'
roenureamenta’ to paramsters cf physdecl asf{gniflcance, Seanm e
. 4T A
NN
s
- 6 - L S
o (R
T :
-.'_c
A.'~.
1

3

o
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Tha'iden'thuttphyb{ al paramelers can bo dot;r;ined by
"mansuring” varlances oﬁ.mﬁqu:nqu1res-1s-not new. One
oLtalns the cérr%ot orienfation-dy connldnring tre £ollow-
irg clasaical sxunplo from\th?-kinebic thécry E? zgs§§
_"whore the molecular origin of Broﬁnlan mpticn7uaz :cn:ifﬁed
by the quanéitntivo agroement of £ha réasj:ed displaccment;'
ol Sroﬁnlun roticn puyticlés in a_giveﬁ ti:e'uitﬁ tre pre=
dlated velue of suchrdisplacement vased on‘;R§':heéry of
Einstoln and von Smgluchcwski.‘ Accgréfa;-to ﬁﬁg‘f}édryrofiﬁ
Einsﬁein nndrvon Sholuchowskij' o ' o
RATE-

a
{ ] B e~
(1.12) mean X {¢) ST

where

X(t) = the x ‘component of dlaplacere~t of & Srcwnian

retion particle in timer’tgrdnd‘

IRA = Lhe gaé.const&nt[

(2]
]
cr
ol
@

absolute terparature,

N = ¢he Avogaedro nurkter,

n = the coeftliclcent of vizsualsy of <ne l1iguld,
a = yhe radlus of *he perilisle,

J. Perrin rmade r<uisurements of tie Xx~20.:hn8n% %
rent of a8 particle in timo ¢t und <cerputed 2m zverage

=
X (%) Cfrom trhess rmeazurerients wnlch was Ir ooreerment wilh

tre value glver by (1,12) with %she canziansz N, , H, T,a,%

T I BT S A

o % "w s %@ Ty T 30T
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“dutermined- from other orperiments,. . Sush moasuremonts also

..

“served as s basls for dotorminlng the AVOgndfo nwnber NA

4

£ e
51

a

when tho constants RA’ T, &6, N wers known from othor'sources.

'y
%

1.3 _ Comrents on the Contonts of Chapters Z:ﬂ

W

Cﬁapfer' 2‘ cantalns an expositi.n of the probaoilxty

ﬁ;i thoory on which the esti wtion problem is based. The prin-
o .E.cipal rofcronces ror tnia matertal are [ \. (3]_. [lSl, (161 .

in Chapbor 3 e<t1nu*ovs for tno spectrnl cospccxrgl,

”_di}i :

'.&' .
- _ andyquadrature spcctrul densitles are speciflied and studled, -
o T ! : , : -
X The rotorial of this chepter extends the results of Tukey

LA

(17) to tha'two-dimensional case and usos rieny of the re-

sults and ioeas of Tuxey {17).

SS X xhu mate“inl on the Complex di shart distri uLion

Ei; aﬁd relnted dist*ibutions which conpriscs Chapter u ls

L'(A.. . . believed new. The Complcx~w15hurt distribution and.reluted.

}f'..r o 'distrlbutiﬁnsiafe the distvibutioﬂs of thq éample second

?:' o moments of conplex Gausslan rahdém variables aad the distrie

;} L o butlons of cartain functions o’ ﬁhase sarple moments respec-

” Vf '. : o : tiveiy. Tne éfatributioﬂs Qro used to stﬁdy the samplingl t

';?; o _" variabilivy of estimators for the spest-al, cospectral, snd {

:‘:' ' : . . quadrature spnctrél denalties, and ths sampling variablility ﬁx
_Gtﬁer :t

of the sstimators for fusctlcns of Lhese densitieg,

, .

these distritutions inay concelvatbiy arines,

AT

appllicotiona of

reascn Chapter )y 1a 8o written that 1t may te

e

and fcv this

o
..

real w.itiout referring to the ovther chapters,

R
-

.

- a -

.
o
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The : rst section of.Qhapteb 5 contn1ns a qi&cusslcn

. e LY L ML Y e
EPA Wil sivw vl wvotpablat
. 7 PAREAS

f
t-

woand wad anbad baal
R PR -ta Vi, va -

(l

butlens are to bo ugsoy to atudy tho scﬁpiing verlability of

catimatcrs for -the spectral, c¢ospoctral, and qdudrntura

épectral Jonaltles and funcbioné of these densitles. The

second section indlcates how Ly using the estlimatlion theory

devaloped oarlier tha frequenoy'response,runcbidn'of a
‘7ﬁ : f i' ’ 1tnear time inverihmt aystem‘cun be statistically ostimated.
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Frobubillity sackground -

- v - . ol
2 aca 6o . VEEERLTX v .a.0 &K '—v'.."- - a b, VRS T

ERT W ey .

_é.O, Iﬁtroduétion P
"the Ffobaﬁility_goneralicies and ﬁef&ila‘vhich
' oonﬁtiédib the bac?groﬁnd osaohéial for an understanding
of the 6stimgtlon problem ;réatad in Cﬁapt~r 3 are out.-
liﬁod in tﬁ;s chapto?;‘_For the ﬁost part, proofs are

omitto&;

2.1 Stochastic Processes

o ele .

-l el

A cno-dimensiénal randﬁm Variablo x:x(w) is
defined as a real-vaiuad measuradle runatioﬁ an a space
N, eLl on uhich a probabllity measurs -P is delfined, <Lk
Tho'apAcQ 41; :ig called tﬂé ;amplo'nphcé and © ¢ . 1s
oqllﬁd a mample polnt, At times it is oonvonieﬁ; to conf{r

uidor’camplengnlued rdndom'variablésl z(w); Ahd aucﬁ
éandom variables are Ceriﬁsd‘ns Z{»)uX(m)+iY(u) wherse
X(m)._nnd Yf@) are real-valusd msasurabls Sunctlons.
A real k-dimansional random variatle is defined as a .
ketuple of real one-dimenslional random varietles, ani
similarly a cOmﬁiex P-dimensidnal readom variable 1is

dsafined as & X-tuple of complsx :na-dimensioral randon

verlables, The noilon random variatle now i{rziudss any

v

oL the speacitic types of rendom varfables descrivad atove, "

-
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. A stcchastio proscess X, sx (m\ t e is an 1ndoxod

nn\!.rrlnp Al randam vuri-b]an dnf?nnd on tha nnnna_[l '

.. —

'(As 13 custorary with randsm vax ables oxpl!cit referesnce
to th sg:plé sﬁaco-!\; ia us;;l y not made). If the

~randen varletlos X are resl {icmplex) the procoss is

52id %o te reul (complax); L2 =s randonm variablas Xt

are x-dimsnsional, "ths proéess 1s satd to be k-dimenasional,

A x-dl= a"siona; process J(k >2) s rofarradrto as a

W 7e:t:r anesess, In thi;'::pér_:::sideraticn will Ye
g limited fa prln;ﬁrily one and tv:-a:’.i.-:ana.iorfai 'procesqea.
E;E—‘ The Index set VT ‘18 usually Asiumed t'iﬁ- ‘{nite.
333 Trhe inlex set may, r5r exarmple, %a the e_ntinuous reél-

A

tns [t; w00 < t < o0}, In s:uch a case tne procasa is

-

sald to ta a continuoue pararsisT orscess. The index

Ty e e
}c_:

4

set may on the othor'ncnd bs & ilscrete sot of pointa

]

such as the éet [kAt‘x:...,-l,?,l,Z;...]; in»audh a

cuss the process 1s said to b5 a dlscrete peramster

d-¢

5&: s=ccess, The inde# set T meT s guite ge:eral énd in
;“j Fhyslcelly ralsvant situaticne fadex sets 7T consisting
WP :

E;J 22 n-dl=ansional vector spaces vasu 2:ally for n=1,2,3,4)

" ;‘ Yave -.equertly tean employed., Fcr the purposé ol the
:%% f §re:ent reter 1t will suffice =35 restrict T to bo the
Eiﬁi real ltne (t; 00 <t < o0] 2= the equispaced discrote
ok satsst Cadtjk=e..,<1,0,1,...] =f the real line. fThe

TeTavstar t  {n many physical tortexts rapresents tims

and 1% 33 becormo customary t:s rafar to stochartic pro-

38833 Indaxed by time as Tiws Zarlas,
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2.2 gtatlonary Progesasss B

Koma (w) v ¢ T, wiere -r now
t » »

A

conaldor 2 X-dimensional oonwlex-v;luod process
2= rct: aithay the oon;-
tinunua group (.;-oo < t < oc] or tle disorote group
[kA;:k-...,-l,O,l,...] where in both canes ndditibn is the
égoﬁp opsration. Let A rdonoto any nonuurable'-pc,

A 2 (L deflned by a oo.nutraint on‘tho random variables 3

X ,t e T, >i.o. A-C[X t ¢ T]. Let A, denote the set
Cfxt+1.t (3 Tﬂ whers 7T =« T.  The process xc,e e T s
sald tb borntrictly stntionary or atrongly stationary if

?(A)-?(A¥) for 811 T ¢ T and all measurable sste
A :.[1. The meaning of the last statement ie that the
probabiliiy struoture of a eontinucus (discretes) striotly
etationnry process s invnrinnt under the group of eone
tinuous (diloroto) trnnllationl. B a

‘Assune furthnrmore thut the pfoooau Xyt ¢ I' is

nuch'thasithc moan values
(2.1) ): Xt'- ut

and covnfiancﬁa
. ' _
(2.2) 1S (K.-g.) (xt_ut) - Cov (X..Xt) - R‘,t

exist and are finito for every s,t ¢ T, Here Xy (for
tixed t) denotes a k-dimansionral row vector of ocrplex
random variables und X; denotus the conjugate tranapose

of Xt. The fuinction R, 18 (¥ x %) matrix valued and
4 .

..12-
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A , 3
&
o,
A S
i \ -
o e K
L D -
N !
! a
3 !:\ h ! . . . i
;.ﬁ- : :- ) s called the Butscovar wnce funotion of the process, The
1 nrnaqna xc,t i T i: alled 132l stattoman 3'(57 station=’
bon . o sry !n the wide sense) 2
\\'}" ' ... . . ’ ., ' - . )
. . ,_'nnd o
:daf L (Z.h) S _Rs,t B Ra-t .
o "
N _
:;:'  o It ia eloar that a stro"gly atnciorary procesa possesalrg
:irﬁ. S sacond moments 1s h&?‘ly atationary.
f 2.3 Gausslan Pr:&:ess_t_ai”
S It Will suffice to hers restrict X,,t ¢ T to be
h ' - 4 real stochastlc procoss.- A furiction Xt obtained by
{ . . .
1f‘- rixing & in xt(u) and lotting t vary 1s called a
»¢§ 'aanple runction or renlizltion of th process, (If T fis
f{1  . a discrete set, the sample functions are sample sequerces),
! One can cpnaider a 3tschastic process as a space of
] . :
‘\J' functions [Xt]- (the ssrple functions) on which a pProd-
v .
i:f sbility moasure P 13 dsfined, Lot tl,te,...tn be eny
h f finite set of parazetsr valusa t. The rultivariate dis
s . tributicn of the rand-= variables X X, ,eeee,X {.0,
~ . £yt ty
‘.\' N - L
‘.'u_ R .
QU Prob xt < xl,xt z xz,....,xt < XN] i3 terrmed a finite
I o 1 N o :
s ‘ dimonsional distrituyien of the p-ocsss and 1s denoted Sy b
%& . P (xl,xz,o--.xq:txot»'---.th). The provadbllily roasure P :?
o N
o -
A :-.
= - 13 -
‘s N
. .
2
w
~
-
').\
P o et e mememm L L L mled el
~
Ta
3 3
‘:;.:;':::,',- _..;;-'_;_.;q.;_,;‘-{ ‘\.‘ - _ ‘- .,A , ‘. ‘.-_:._: -:"-:--_".“._':-_-'-,-‘-_"-.."."-'.'~..*.'-' .- WL _._'_._‘_.,’.-_ __-_ R e .
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l.sj':' "

X o _

i eu '

ot - - L o .- . - . . .

N e e e o ‘ : .
on .[xt]. can ba {ntiwducad by prescridbing a mutually cone.

: : ' ' L f L o 'R .
Q{?‘. sletent vcllectlon of Jinite dlmensional distributionas. ’
::{}; oL conalﬁ;ency ¢indicions called the consistanoy condltiony
S L - o ) T ' :

AR ol Kolmogoroy ure! T ; SR
oA S R T

,tZ(S.l) every IFk"Li a;fmotriclin all palrs (xv.ty);rund '
?(‘2._5.?) P‘k('xl‘,...,x:,oo'!_...',oo;tl,.‘;,;,tk)._

- -?J;X_l‘}“;.;xj;tl"';:-".:-J) _ for J < k. o

Tha finfito dimend!céaL_dlstributloni are thus basfe uls--

o _ o o
ES?- Stridutlons of a protess and precessos are rfoquently
E:g Lilaaatifled ac#ordingrté thatir riﬁ;te dimensional distritu-
Y . " -
1 vtsn9, If a prcsess is sirongly statipnary _ '
oo L = ";f AR P o >'_ _
i?i ) (2.€) Fk(xl?XZ"";’xk;tl'tZ!;f"tk) };_i" :
s S e S . ;
:ﬁ:" = ?k(zl,xa,....,xk;t1+1,tt+f,...,tk+f) - :Qi

¢
-2

for ovﬁhy 1, k = 1,2.1,400.; K

Rrs AN

;ﬂ; A stochastls process i{s :zalled Gsusslan {f the Joint dla. :\“
e ® . N ) ) RSy
N tributlion ¢f svery finite sct of Xt's Is rultivariate Dy

Gaussian, tuat is, fer svery fln;ta set of tl,tz,...,txc}r

i s
-l[‘ﬂ&4

the joint distribution of X, ,X{_sess,X, has the character-

-

1atle Nuncvlon

. ——

-} . . -
Ssa Cheptoers J,11 of (3] for tha teclinlcal Getalls of
ceriatpructing the probtability measure P.




s
X

i)
H

h

A Rt e e et i
‘.o‘,o B -
fa
NE
AT .
RIOIR

.‘f{..

:. -
P

.

o,

.
-

>

o %

L

R L

»

.

NERIC )

wh*re

\-

SOy t
. b
-."-." 7 s
o E X.

4
]

i
<

a
.

(N

»
o
>

et

*
A
o.."’l

nnd .

[ Y
.

o

1"[
- .
R

[,
.

- ahd _

P
LI
PR
-

ok

P

‘.

“
.

b

Yy
N
S
;-T2
iy
ot
-

»

;‘ B
;

-aand

r
.
., 4,

'-",_'

R
. S ®
ks

P

) =

R(tm,tn

Vs
SGfN
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13
It
¢

-

«
r

«
v 4
S,

T2 L

YhA

 ];_[xt

B u(t);'

u

R(%n’gn)v

‘ (2) in the twq-dihensional'caqg

E oxp[i i ot ]

RS - L 'axpt srt ll n(t Lt )ll? PR 3 (t, ]

(1) in the one-dimonsionnl oauo

» .....,X ) .

_tN'

tl‘tl, rtz, n:.!. . ._'rtn_1

Cov(X' X, )
byt

[xti ?;10 E_xtl? (ux(ﬁj)

Irxtlhrytlfooof,rxtN,rytN] y

Rx.x(tm"tn) ,ny(tm'tn)
Cov(xt ,Xt )
m n .
Ryx(tﬂﬁtn) Ryy(tm,tn)’.
.15 -

FRE Y LU P

Bl = Lale)ulep),enn ity

u'y\"b)l :
[‘xtll ytl'x-tar'y"a' . ”’x.tN.'ytNl. ’ ‘

tux(tl)'uy(tl)"'f"px(tN)'uy(:N)] »

it 26 Saded A A i = kb g it
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W -
f;-nf‘.,- . 'in éithor caao'thb matrix R(tm n)I is symmetric and g
kYo non negativo dorinito. If the ratrix Tn(t sth )” {g - - .

¥, . - R .
,*.', R -

i non~singu1|r, tho Joint distribu.ion or X i-u(tl) . t -p(tN)“. o
M3 . N :

; has tho probabilicy denaity runction _
E . ' '.z(t,. i~ " R T

R ] "y . [
, © 0 (2.8) , " expl-% &, || 'R(t_,t ) Wi W@
f%flat_; -i ' ‘i ﬁhe:c |Rf$m,tn)}_._den6§oa tho dotqtm:nant ot_*_”R(§m;tn)and |
ﬁ -(l) 'in'the one-dimenslonal case (k=1)

::.. Ir"(“ U, ,ese0 1 )
M , ben ty e’ Tty
{ and (2) in the twc-dimensioﬁal'case (k=2)

' q -(u :- u. s euL, LU Sy . )

tn "tl' t1' "“‘2 Yta Aty Tyt

y 2,4 Weaxly Stutionery Processss

e 2.,4.1 T™e contlinucus pnrnmutsr>renx one-dimonsional

: nrocess.

i_ , e process Xt,t €T 18 assumed to have

3 mean . p = 0. The covarilance function R1= E X“TXt ia”

- assured continuous at < =-0, so that 1t is then bounded

L _ and everywhere continupus, The function RT ih even and :
% posit'vo definits and hence the Sourler coslne transform of

;'7 a ronl bounded monotone non-decreasing function F(k)‘

2 called the spestral furiction cof ths process. ' ' :

Al K

.

ks - 16 =~

,‘ r,l
i ;
b i
2

‘|. .

-

™
2

«’
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1 |'
| I‘ : . o f fi ;
o (2,9) . R, = '/ cos tA.dP(}A) -
' The speotral function -F(\) car. . expressed as the aun

-or three monoﬁ:ono hon-docrpulng'mno tions

(2.10) FO) = Py (3] + Py (W) O

: " Here
IS T o S . . :
-{j (a) F‘().) is the nboolutoly continuous component}
o o RN o
e P (X)) = / f(x)dx - where fi(x) >»0.
AS (a) Q. - _ :
SR (d) Fy(A) 1s the dlacontiruous component; .
5 o ' ' -
e ) . b s
{ ’ ' where X\, denotes ‘the, at nost, denumersble
.:, © ¥ - . number of discontinulties of F(A) and p.
::-', oL . denotes the saltus of F(A) at N =~ A,
\‘ . . - - - - . .
‘B S (s) F.(k) 18 the singular ccmponent}
';:_j P(B)(k) i3 everywhers continuous and has &
:::: derivative equal to zero almost everywhere.
" The case of physical intersst is that in whlch Fi\) 1s o RVCIARI S
- : . N 1
absolutely sontinuous with a continuous dorivative. .J‘“‘a.ﬁ
ey )
- ‘Unless otherwiso specified it is assumed that
- -
2 A . :
¥ F(\) = / f{x)dx - whera ¢ > 0 and ccntinuous, OO
4y o ' | S,
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The functlon. £(\) 'is called “he spsctiral denatty of the 'i:::\-f

‘process. From (2;9),‘,‘ : | o ' ' Y |

E ' -] o OIS

A E xt-’ R(0) = / f£{A)d\ . RS

e o 0 o .\"\-.’-..._ d
LS - . S : ) . et ) . .‘.:’-._}

o The proless X,,t :T can be axpressed 'in the caronical g

._,‘;' : " form (spootral mproaom;sit!on of the process) - o
o - : 00 - - . o .

o (a.;l) R é- cos tAdU(X) + é’ sin @de(x) ,
g . where . U(\) &nd V(\) are real procosaos'uitﬁ orthogonal > -
‘}ll © Increments andr the pi'oce_sses U(kj and V(X).' are orthoe o : _“-.-\
z:: gonul to each other; that s, - S .\- 3

) ' . ' : .o SN
. . N . AN
o E au(n)dau(x’) = 0 = E av(n)av(a") 12 A £ A, Rovas

(2.12)  E dau(n)av(x') = 0 for a1l ', o )

%Y (S

z; ~ EdU(A) = E dV(A) = 0. . P : o - .;j' :

;::"' , F:\n-'.thennoro,. - L IR S C .~_:::
(2.13) B [dU(A)) = E [QV(A)] = dF(A) = £(A)dA. - b

:: The integrals appsaring in (2.11) ars stochastic integrals, ' ?‘:-

-i’ . N .'.\-

r-:: An intogral such aa ~

;ﬂ: 7 ::;' :1

' ~

't.‘. o , : - {2.14) I = / g(A)du(r) {g(A) real and continuous) ' - » = d
' : . a . : ,

5l J
% ‘ ) s
. 13 introduced as follows: . : . C ]
bCY ’ : t‘\.m .
.: Conalder a sequencte of random variabdles Il' IZ’ esesune 'Q"\"
LY T
8 il

b

dafined by . 7 : ' o Fﬂ ;

= n ' '

" o T (M) yepeadn? (n)

2 (2.15) 1, Wi g - v 7)) )
0. .
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‘where a = xé"_h tin’ o< t(“’ < t("‘ = b. Suppose

. nl
H - that

g (2.16)  lm © Max (t(") e(’") =0,

[

' ,_n—bm V-1,2,....,n

R D It then follows (soe {2]) thn I, éor_worgu (1etom.)™
! o _ " to a rardon varinblo I. }-‘urtho:‘mor'o, it ,I: {s anothor
Tl i . zequence x‘_qrmd w_ith the same U(r) and g(A) but with
N another -j‘tom crrpéintl t(h) satisfying {2,16) and
oomurgine (1. i.m.) to tho limit I, then I“ thd.I '

N

are oquiulont . 'mu-

(2.17) Il a / 8(\) QU \) a l.i.nm, In ..
& meme B

Prom ths orthogonality-...c"omont property (2.12) and

A : ,(2 13) of U(X)o
)_'-‘;.‘ . ’
p‘ | _(2.18) w I; - fo g (N“)) “"(M“’) N\‘,"’)l

n O e tmat”

S -
(2419) B I ,_-0/ g (\)z(n)an

[
[
Ja |

) V ] l 7 .
X, =X if la slx%-aw - 0. z-furth.rir

, O, .
.‘_J"_

2

. . . 7
-X‘ » X are randon varledles.such that

-
. e r,

N
T MR

PR
|3

> 4

’

l.i.m. K‘ - X' and l.{.m, Xn - x.’

-,

- . t
-:;Q S then X and x are oqu.vnlont randon variab tlies, l.e,

o ' xtwlx (0) = X(t] = 1.
by

- 19 -
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The £postral reprasentation (? 1) »vh1b1H the nrnnnqn'
i,,—t eT as A~ random superpcsition of trigonomotrio

functions, The increments dU(A) and dV(X) are the . .

rendom amplitudes of cos tA and sin tA respsctively.

The spectral drnsity f£(A)d\n glve= tho'variar~o of the

random amplitudes dU(X) and dV(A).

. Z.8.2 The contfnucus puramoter real two-dimen-
: . sional plubuss.r

Hora X, = (xt, Yoot e T = [t]-aq <t<ool. Itis as-

sured that Z[x } = [6,0). The covariance “unotion

g Je
(assumed r*nito) ia

Rxx(T) ny(r)
]
(2.20)  R_ = E Xy, X,
* T 3 4
.yx( ) yy( ) .
Slearly, R, =R .
It 13 further ssaumed that. ’
(2.2 4 ( e a
i2.21) 1}Efo Rxft) =R (0) = 9, >0, and
1'-.R()—R(6) 50
rg yy T RyylQ) = oy .

The condition {2.21) implies that all the tovarlance

Sunctions Ru‘ ny’Ryx'Ryy

Lol o . °,
o314 . Martrnermsre

are contirnuosus for all values

BT .mw—u.
T
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s b barens Yt b et et 5 e - R :
’ e - il TRRTVCRNAL I A e A b L e b e e ¢ 0 kb b e bt . o e

. : s B U .
lnxx(T,I <a a 131,(1?'-5 % %y »
2,22) N . | -
E oL i Ny Y
lRyx(T)] Lo 9 [Ryy ()] 20
The covarianse functions Rxx'ny'gyx‘Byy'_anrb° o0Xw

- o e
(2.23.1) ?xx(" -d/ sos TX 4P, (\),

: . - -
(2.2},2) 'Rx’(x) = ny(.x) =6/ éos‘f\ dc(}}

o0 : .
+/ ain 1\ <{{A),
o -

(2.2303) Rn(‘) "of cOS TA an(X) a

The functions Pxx(xj,pyy(x),c(x),q(x) &rs Teal functions

-ér bownded varinfion in (0 << ). Tho‘:unchlohs

(A) are the spectral functicrs of the procosses

Fxx(x) and Fyy

x, and y, respectively. The function C(X} is called

the cospectral funetion and the fuanction Q) the guah-

raturs spectral funstion. These spectral ~imsiions satis-

fy the fcllowing inequalitios called (Cohosrensy Conditlonss
For every (1,,12), 0 <'\1 < 12',

(22) 00+ (a0 2 (er T )
where
ez,

LC{AY = C(xy,) - cix))
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" As in the cre-dimensional ocase the nitutu.on of phylirul

) intervst {s the one rob whioh the apeotral funotions are’ '

' absolutely ooﬁrlruoui with contirucus derivatives 'u\d.

f o o - unlou othondu lpooirLod oonsideration is restriotel to

"'.: _ _' i o this cass, Thus, it Lo s3sumed that _ ' '
o Pee(g) = S B (M, Pidg) s fryNe,
S0 T (a8 E o

- . Cixg) =/ o(N)ax q(xo) a / G(NidN .

.:::: ‘ ' : where the funotions ru(x) r {x),o(n), And ‘q(\) are

{::: continuous. The funotlons o(x) and q(x) are teimed the

‘:' ananantral dernaity funotion and quadrature speotral density

' :
" En ~ funotion respestively. The cospectral dmaity ﬁmotion

f, T L o()) (deftzed for A >0) is tvico tha real part ot :

AN ) ) o ) R .
‘: o 7 ;-xy(x), and the quadrature apootx_'al density funstion q(1A)
PN . ) S - : . i

(defined for X 2 0) 4ia twice the imaginery part of

:‘ , rxy(x), where t‘xy(\) 1s the oross npectral dan.ityr rhnotion
o o 7

R - (2.26) £, (N) =& /S R__(1)et ey

N - : xy ?ﬁ'_mr xy .

\ Thus

b .

N MIIN

Ny : (2.27) (1:) = /‘ £, (x)o ax

\:- )

.‘l

~%, . '

J 8tnca R”"f) - “yx‘.-“.‘; rxy("") - fﬂ(ﬂ) .

‘ | | 8irce ny(x) {3 real, r;:y()‘) = xtxyz X)) .

e _
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Thue
| " Re ‘x,(_“’, - Re £, (<)
(2.28) | .
In £,(0) = 'In £, (1)
. From (2.27) one obt;inp o . - .

L . N . N w - - ', V‘ )
(2.29) :inx’(z) =/ cos TA Re rxy(x)dx +/ 8ln Iz rxy(x)dx R

a0 . =00
vhich by virtus of (2,28) reduces to (2,23,2) wien
o()\) = 2 Re txy(}) and qly) = 2 Im rxy(x) .
A roal two-dlzensional process satisfylng the cor-
tiﬁuity conditions (2.21) can be ‘expressed in the carorlcal

form (real spsctral representation)

. oo - T :
x, - "/ ocos tA de(M + / sin ¢\ av_(12)
(2.30)

: - I ©
Ty - o,/' cos tA de(x) +°/ si.nrtk av,m
_where U (1), V. (}), U’(‘A), vy(x) are real processes sat-
1afying the following relationsi '
(2f31) B dU*(K) -.3 de(k) = B dU,(K) = B dVy(l) -.0 .

(2,32,1) =& aux<x)¢vx(x')

yoorad
- Bav (Alev (A') =

‘xx

-2} -

.4'.5~V-(~'— - ...

a7 (A) = s (\)ex 12w '

e

L o




-

L s -
LN

-

. s
]

kR s

&«
T A

-

Pl JaN
-

-

AT

LY
*e s
-

F o,
“e"s

LR o

“ fs"ﬁ‘%‘-} =

e’y < (_n"‘l
v e Bt e 2

£ Frr

i

- & 3 K
T e AT
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“x
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Dot t
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3(é.32.2i

(2.32,3)

(2052,

(2432.5)

-E(z.sé,e)

*

. B l| ’
- sVduy(§)dqy(x y

S - oo
E dvx(x)dvy(§ ) =

S CEIEY RS
spav e,y W o

‘E_dqx(xjdv;(xf) -_E'dﬁy(x)dv,(x'y =0,

) ol N
E ﬁux(x)duy{§ )

R Jo a4
- E'dvx(k)QV’(X')A. SR e
SR © 0 LdC(N) = e(N)dA if LYLI0 NP
RN AN

E aU, (A)aV oy =] |
y ]
: [SQ(Y) = g(A)dN Lf X = AT,

0 te x4

._erQ(k)‘-:-q(k)Ak traen,

‘The 1n£ogr‘1u appoaring in (2.30) aroiatoohantio'intogrnll;

The apsotral representaticn (2,30) exhibita the proocecs

X, = fxt, Yelo 8 ¢T asa randon superposition

(7,33)

(o)

' . - ] Feos
Xy dnx(k) 2 ) cos

Yol U (h) dv_(n) | Jatn &)

.2 -

R
CIACI
.

SR
.
ey,

S

o

“"-' Vel e Vean .
‘-W.-Mam.u!m'-.i
T T T T T T v

A NTATIYIYTS (
AT I L |

..‘
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i ke~

e e e - e

of trigonométrio functions, The. inurements ‘de(x) and

e dvx(kji are the random amplitudes or,rcos'tX"nnd sin t)

in tho_ropréeintation of x, and aimilarlyrtduy(x) and -
dV,(A) are the rundom wmplitudas of cos tA and sin tA in

" the roproiopt(ﬁion of ¥y, Tho.qquationi of (2;32) exprosy

: tﬁ} covariance relations between these éandbm mmplitu4ol.i;
.6no oboorQourthat,any pair of random implituddl'ab-
‘different dngular'erQuonciea-arq uncorralatad, Aefu_;:i'
fixed Angﬁiér rrnqueucy’-l,dﬂg(\) and'dvx(kl ';rQ ﬁn.
~oorrelated as are de(l)'snd dyy@ﬂ),:rqnq the spootral
density rxx(k)dk gilves the variance of de(A) and -
de(x)” and the spectral Censigy"ryy(x)dx glvas the
variance of de(x) and dvy(k); The cospectral density
and quadrature apeotra; density express the qovarlnncg*'

rqlntionuhipa that exist batween the random:amplitudoj o

,dUi(k), av, (2) 'af”the x-cbmpohenf or.the'proqosn and

the fandoﬁ_gm;litudos AU (N, dVy(k)  of the ;nccnpohonc
of the procoas, “he palr of random amplitudos_ dﬂx(k), S
de(k), as well aﬁ the pair ,dV¥(R),, dvy(x) aaﬁociato
"in-phase® terms of the representation (2.30), 1.e.

¢a§h moﬁber of the first pair fa an amplitude orr cos £x
end each member of the aeéond p€1r4£s an amplituda of 7
ein t\. The palr cf random nmplifudea dei(X), d'v'y(kj

as well aa the palir dvx(k), in(x) assoclate “in

quadratura® (l.0. 7/2 out of phuse) torms of the .rerressnta-

tion {2.30), 1.0, if ono masmbor 4r a palr {s an s~plituds
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' of" cos th the other is nn‘nmﬁlitudorot ain tx, 'Vith
‘this terminology of “in-phase® and "in.quudrature® onoroah

7 ~oonocfsily oxpross the muaning of the cospectral and quadra.
. l turo.apooté;i dqng;cioa. The cospeatral density o(A)dn
ij  givea the covhriundo.botwoon'two "{n-phuse® random amplie .
-

“tudes, and the quidrnfurq epectral density q(M)d\ "gives
(to within a factor of ) the covarlance Lstween two A

. __"1n..q-uadrhturo"'_ random amplitudes., The dlugram gi_.uft»,-

S “:1¥";' '°;:_5_  below Aummarizen‘fho_QOVAriano. relatione.

K5

AR
[P IR
wig s

NNy,
Ll

L | £ M@

gt

v, (r) - r’---f--— 0 -= === 4V, () '

: ~ s’ HE
~ ) 4 . '
. ] .
P \\\ -q/(”dx : ' o
o(A}dx Swg N1/ oA
Y S o
1 PR q(A)da I
P . R :
e ) . . \____J__‘
- dU F-mm—= 0
y(k_) 7 _ dvy(x)
A)d)r : .
ryy( ) | - _fyy(l)dl
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1L the procesa
44U (N), av, (A), du (x), dv (x). (o <\ < oo)

X.ot ¢ T

e e e e s e S S Rae o

lerauSs:un;

L IR PRI

tho 1ndremontl_

are Guuasian'

rtndom variablon and tho mean and eovariance ‘rolations -

(2.31) and (2.32) c0ﬂpletely detormlno tho probubility

that sny pnir of increments (aa for oxample

are 1ndepandent.,
'mn.rzx of [dU ~x), av 2, du, (x), dV (x)r {s glven by

Vntructuro of thono 1andom Variables.

dv (X)] at different angular rrequencics

Thua, it s aeon

dux(x),

A, X'(X / )

Furthermoro, bhe varinnca covarlance

Y

B

e

o e e Tater S T Ne I8,

o ] o : T
i? s [t o e(A) q(A)
N . . '
S : I ; e £\ -alx) c(r)
‘ - (2.74) , A
- i o le) ~G(\) ryy(x) 0
'y ! a(2). e(n) . 0 fyy(\h
" ! : : : : ,
G U o Lo T
S I H so that 4U_()) and dV (%) are indeperdent as are
o du () and av_(A). |

Y : , ’( .)' - 7( )
- , _ . : .
'43' o 5 2.4.3 The diacrate paramster real one .dimensional procaaa,
L ;".' o - .. ‘The discrete parameter weakly statlcnary prow

sesses considored here aré assumed to be of the form a

?;  ' _ . N . xkAt'k = ee,=2, 1.6, discrete porameter

* o proooaé-s obtalined by obsor91ng the sample functlons of

1,0,1,2,...,

a wenkly stationary covtinuous parameter procnss_Axt,t e T

t = kKat, k = ., .=-2,1,0,1.2, .. .

S {8L) | — g
.lk E kaxo . RO

] ’ ’ : )
!! - : at the discrete set of timas

-y
2,4

t-t T. let

Y

It 13 assumod that E X, =0,

«
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A _--_”A‘.; o The covariance sequence Ri“t),‘k,- .,.51,0;1,}.. s sven o

and positive defintto and henoe '

- 5

(2.35) n‘(‘“’,-o‘/‘i oos kn ar{8t)iy)

'rqhorc 7?(‘”,(x) 1s s veal boundid ﬁonctono-non-dooroiling

Ry ey

function, Al in tho oontinuoun paranmster ocasse, the runotion

>

F(At)(x) il called the apootral function of the proosss

R e RN Y

—  nnd in A:lumod (unlcaa othcruiae apeniriod) to be nb-

_ -olutoly nontinuoua ‘with a oontinuouu derivativo so that .

(2.36) RéAt)-d[? cos I\ r(ét)(x)dx , {88y s 0,

ﬁ;*¥lrﬁtﬁaxlnxn

Thﬁ procesn xkAt' K w ,,.02,-1,0,1,2.,.., 0an be axpressed

T8

in the ocnonicul:rormr(qpcotral ioprulcntatioh).

(237 X, -d/t sos in a0tV 4 7 atn i V49 )

-

where u‘“*)(x).v(ﬁt?(x) #re real prcoessss with orthogonal

inoremonts that are orthozonal to each other,

S LS

It 48 now dasired to express r‘“t)(x) the npectral

] .,._ Far s A

donaity of the dlsorete paramotor process xkbc, k¥ = ...,-1,0,1,...
in tcrml of (1)) thp apeotral density of the continuous

- L - L

R paramater procoas xt,t e T from which xkAt is obtained,
i _For the continuous process '
% oo .

: (2,18) R(%) = / ocos %\ £{\)dA\ ,

o . Q
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e

R A
) boe A

- Thus, .

ey oAt misey o /% "
(2439) Ry "= R{kat) -d/ coa(lkaat)f(r)da

0o 4 (m+1)-5'-"€ _
= ¥ [y cos (XAALIL(N)dN &
m=Q nn : .

Irf wm 1is even,

L " . - _
g . . (m"’lloe : . . B ~ 3 " .
{2.0) S coB(XAAL)L(A)AN = / "coa(kk-.\t)r(xmx-‘-)d\ .
. “ o . . .
- . ”A—E . ‘ . Q
If m s odd,’

_ ' (m+1)f-€
{a.u1) ./

ud - R
o Z o
cos(lrat)L(A)dA = /7  coslkrat)flr+(m+l)ggldr o
R 0 , : ,
e : S

AL - |
s Nty

..l"‘(‘l y

- .o "
. e it , ' . _
(2.h2) BB M/ cosinae)Le(n)+e(BEA)+0(§EA0)
_ o 0 ' : - '
+r(%%-x)+r(%%+x)+...ldx .
Upon making a c¢hange of variadbles,

. - o . o . .' .
(2.43) _RLAt)- / cos kx'[r(f%)+r(2"'t );f(a“zt )
0

byraX’ bwad '
+t{—'&; Yar( "Zt )o...]%—t—.

where X = At .
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The time irterval At 1is ocalled the sumpling intervel or

(RN

-'Nyqpiat {nterval or N7quist time, and the angular froguency

1i/(88) s called tho anguldé turnsver frequandy or axgular

'rold4ng r“eqvo“qz or Angulnr thuxat rroquorov. The.
: nngular r~equencioo C L ‘

2o g 2EAN ., lway (0

i : \ w
(2.’45) 'A-t'. 3t at X ‘ooo :x‘ﬂ)

| 2 2; N < |
1-_.0( N )\' Kg" -\. ‘A—.é +\' 'A-;:' -1. fu. (o > .'..‘f_ ﬂ/At)

aro aald to ve nl*aros of eaoh othor, and the tngular -
rroquency R /(At) (0 < A\ < 1) 13 oalled the grirnimtl
alisy, The reason for the torn Allll is that llnuac L of

i ¢t a

i -
;

._a.&.

5

- angular froquonoloc given by (2,45) are ind*stingu-nhwblo

“when observad at ~nly tho discrste set of times

- .
. 8"k

XAk, X m 440=1,0,1,000 o One observes from (2. Wy ttany tho

I
»

_ spectral don:ity r“"(x )} of the disorete pnrnmo.mr

provess at k io essentially the sum of the spesiral

& L
Al

L4,

donsitliea of tho oontinuous parnﬁctov praosess at thiae

angular rroqnonoiao vhioch are the allasss of A /(A.D,,-

A bt Yo ™ 1!

!j

M

s

L3 \

'’

“o .
oy

N N



T2l Tho-diacrotdgphr&motor real two-dimerslenal process’,

The dllcroto purnmetor two-dimensional procesases

oonaldored horo uro Aasumod to te or the form xkAt

-‘xkdt’ ykbt] k = ...-1 ) 1,..., 1. e. diacrato paramater

proosases obtained by obaorving the ‘sample functions of .

:_t oontinuous parameter prquaal u [xt,yt], t e T, qt

' the dlascrots set of times t = xat, ¥ = vee=l,0 1,... .

It is assumed that E xt = (o »01,. t ¢ T.

“he dlaeuaaion ox the olaeruLu pnrameter reu'

two-dimenaional procosa 1a nnulogouu Yo that of tho con-'

tinuous paranmeter real two-dimenalonal proceas given in

‘Section 2.&.2; The covariance function

E Xy patVe]

e T e B Rpekat™t

o eaey R(kbt) = E xt+kAtxt . : '
: ‘ 5 Yeaat®e F YTy
R, (kbt) ny(kAtfl N

(kAt) ' (kan

Furthermors, R(K4E) = B "(-kat) .

'Tﬁe covariance function .R(kAt) can be expressed in the

- form

.
(2.47)  Rikat) = 7/ olkM amfltdyy |
] T ey
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S * where -

L s

w T (2;53)-' rletiny = b 3 n(m)/ okh o,
. U keeco o

vt F(At’(l) 1 ubaolutoly oontiruoul and possosaes & .

continuous dorivntive,

oo a0 . | a -/ r‘“’(mc
T A A "“’m}

' Tﬁgl;-
(2.50) PB(kat) = / o“‘"r““(x)d\-.
-y ’

Tte runctians r“g)(x) f;;t)(\) are the apeotral doansl -

ties of the xAt' lnd 7kdt’ k = ,..-1,0, 1,... procgusfn

' ronpeotively lnd

(2.91) r(“’m - r“”m

| - T R
P

pL
¥ . | |
fj- is the cross upo*tral donoity of the X, process with
:e; the Ye procoss. " The matrix-valued functlon r“t)(x)

»
;o
-

15 posttive sex!- dorinito, i.0,

(2.sea1) i, rg”m B

(2.52.2) r‘“’(\) r(“)\k) - r‘““h)l
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.

>81nco tho procosl xt ‘. (xt,ytl, t e T 1- nauumod to bo

retl, one hll

‘(2.si.1) r‘At’(x) = r‘At’( A)

T IRt S YO S
(2.53.2) - rl3 0 = o ‘(-)..) ,

- and

(2.5343) r(At’(x) = r‘“E’;_x)

" here, !At>(x; LD RV q(°°)<x) toe. {8 n),

called tho cospectral donsigx_or the dlsoreto process

kAt‘k = ;..-1 0,1,..., 18 the real part of thp crosg-'

svectral density rigt’(x) and q(Ac)(k), called the

guudrdturo spectral densi@y,_is the imaglnary part of .
{Ar) ' P

BTI R LU PRC RS LL VNI

and

(2.54.2) 8t () = qf8¥(n)

1.6, the cospeotral density o(At)(x) is an even functicn
and the quadrature spectral density q(A‘)(k) s &n

odd function, It i1s desired to express riﬁtl(x),
r(gt?(x), o(At)(k), q(A“)(x) the spectral, cospectrai, - Ei

and quadraturs spectral densitles of the dlscrete para- >

meter process tn terms of f, (X\), ryy(x), ¢(A), q(\) the -

correzponding spectral densities of the continuoua parameter

-33_
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a CaTe

_ .
¢ |, .
b "

%
.- p:‘-voo-u.' ,cléarly rf‘;“”(x) .15 rolated to _fxx(k) {and
e ‘ rs‘,g”(x) | ;Q related to £ (3] by the rolation (2.44).
;-LQ, To obtain the relstion betwosn the 003poatrsl danaitles
';:‘a. ‘ (ané _tho quadrat.uré srp.ectral donsitles) one proc_eada as
:::::' E follows? - ' . '

B

(2.55) ny(kAt) -_i; rxy(k),-iklAt a

R , . (2} : |
- S g o : ot At
AU - I / LMot o
] . ) - [ .
A ’ . c . : - i
‘;(_‘. : S . , = £ f £ _(\+ ?ﬂl)o linae a\ .
k.; . - M=-00 Xy at o
£ L T
ﬁ : _ - Let. N = AAt. Thus
:.'.., . . ! . ' - . . ' 3 'z h
e _ plat) @ J A 42mmy -dkA 1 ot
L (2036} R, (kat) = Ryo™ (k) = R oy b L AL
N - . .
N S . - . . A +2mry 1 =ik !
. : . _ =/ ¢ ¢ (=250 2 e ax .
B -n.m=-mx¥ at . B-E
S ' 7 ) :
o) That 13, the cross-spectral density of the discrete paramater
4 . : .
4 process 1s
Y 0o 2 4z N
= r o (Agkomy L
Tr.us,
N |
§: (2511 o3y wre T r (A2 % e
“ meeco XY 8% ‘BE T O Ay B¢
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b S S " m=-00
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fe ST : - 2 q(. '*At.m "_’%E .

' 5 : Hore it < \' < " and (°°)(x ) is an even funotion of
) 2’ and q(At)(k ) 1s an odd funotion ct A , ainco o(k)

1 ov:n and q(2) 18 odd. One thua obaovves that the co-
ST  . spectral dcnsity (At’(A } of the diacret' process av
al 1s Qisbntiully the sum of the .cospectral donsftion qr

the contimious process at the angvlar froguencios ~

v L [} - '
Be . .- N - -
. - l—iz%ﬂ—ﬂ, Mm= ...,-1,0,1,.0. o« A similar relation holds
g e : " for the quadrature spectral density, One ofter conaiders
l; i :

o © the domain of the apectral, cospectral, and quedraturo

apoctral donaitios tots 0 <A< ® fer a conttnuous '

I : . _ , . .
4 . process and O < A < uw for a dlscrate process, WLlth such
. "a convention - '
. SH . . . )
E. . _ . '
b (At) 'y _ 1 p (X gﬁ:l ,2wrx Lrad
b (2.59) o (M) = gele(zp)vre(Spp=) el Yee (Fgp=—)+..]
v . , ‘
w . -~ and
; ’ B : , o
L] - - ' ad -
: (260 *9(\") = Atedn- a2 )+q(2"M EICLE P
- | (0 <A <m. , _
.Q . '
‘hus the cospectral density c(At’(k ) of the discrete process
- at k' is essentially the 2um of the cospectral densities of
X - 35 -
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e L ' tho_ooﬁxinuoulrprocoui ovar ého:ingulur rraquenciai'whigh_ff-

are aliaéol‘dt Ai/(ét). A similar pelation halds fqr the

Ll
-“

quadrlturo'npéotrul density, except that for the Quadrature

:2_ spectral denslty certain torms in tha'aum; nameiy théair‘f
;* doﬁrosponding to the llin!Ol.gﬂ'Kti A Mmoo 1,2,{.. are

takpn’negahl@oiy.'

r

&
a

2.h;5 Weakly Stat!nary Gaussian Procossas.,

t's l:f k'S

A3 wan sesn in Bootion 7,3 a Ozuesian Proccss

L 4
%,

A

fs speciffed by its mean function p(t) “and 1ta covarfance

~ funstion R(t,t"). Thus tf a weakly statfonary process is

o Gaussfan, the complete probability structurs of the process

:S’ 1a spocified by the moan g and covariance function R(t).‘

.\. ) . . . . . - - B

"o A weakly stailonary Gausslan pooceas 1a thus astrongl : .
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'-_EQtngtnrgrfnr'thn’ﬁpnntrn, Conpanhrﬁm‘_

Py

Tt

R S 3'1 o E o - and Quadrature Speotrun -

» s . -

3.0 mggm

In thin ohnptor aatimators for the apectrn, cospoctrum.

'§:f 'j e and quadrature apeotrum of a two—dimonsionn‘ ntationary (zoro

5rmean) Gauasian voctor prooess are’ studiod. Tho ont‘mntora are

; "_; nsuoh thnt it an poaaiblo to eatabliah l one- to -one . correopond-';

4? i"-" enoo botuoen tho oatlmators and, trigonomatrio po’ynomxala 'f ' S e

(riltors). Explicit oXpresaiona for certain "good! (lltors'

S - _
K.Y L . are derlvod by making use .of results contained in (17). Fur-
N . ,

) 7 : thor, forxilae for the means nnd covarlances of the ostimatora

'j-., ,-VI;nro obtalnad.r Theaa formulao exhibit trﬂ means and covarinnces e

_¢§t' —. - of the oatimatora as intograla of productu ot the trigonometric

- o polynomials nsuoointed with the est.mahors And functions de-

'pondinb aololy on tho spoctral, coapectral, and quadrnturo‘

spectral densities of the prodess, The formulae can thus be

~thought of as spoectras répreaéntations-ror the means and co-

. ;: _ ' Ivuiiances of the gshimatoru; .P1ﬁni1y;'a heuristic argument

s prosent§d to obtain an approximation to:thorjoinb a&ﬁpling

WY

a

e

diﬁtribﬁpion of ths astimators,

o tatifata

3.1  The Edﬁimation Problem

s'e o -~
Pl W Y]

A sample {unction of a continuous parameter two dt-

mensional atationary (zero mean) Guuspinn vector process ia

3 -




Py oav) RS A RS
‘7;1 . g.....h—qs;-u aaher i ;wu’n..'a.. Cev e e e T --....n..ss..w'-.....aa.... DU ST ‘-‘w“.{lw&‘ ‘i'\“‘" . wi‘.
':.‘:u: /AL .
A |
f o, ot ) 4
et g
s . &. L :
,: ?»"'__;ga B obuorved at tho discrota aut of tlmea Ac, 2At, ..., KAt.
o B ‘hnb u ' '
N S (3 1) ix‘ E‘ku' ’kdt} ks 1 2r veen " o
N (M, B
et is observod. It ls daairod to estimate the npeotru (x),
‘¥~ 1 ﬁ‘,.‘_“-] '..7 F(At)(k), the coapoctrum c‘“"(x) and the qn«. aLULL .

'Apootrum Q(At) \), u1 Lhe diacrete process xkbt, k= ...-2.

"-1 0 1 ? see .. It 1- lntendod thnt eat&matora ror the

_anectrn nnd croas upeatra or the dlacroto parameter process’
e L B serve to estimate the spootra and cross spectra of the con-
- tlnoua parametor process., Onu noteu from (2.4k), (2 u8),

and (2 L9) that if the apect.al denaitiea [y (k), (h).

;E: . 'tho conpectral denaity c(x), and the qundraturo upeotrll
?ij ':ldennlty q(\) are negligibly snal for sufficiently largel,
! say Az, then ‘the functions At r(“)(xch), &t rg,:")(ut).
] Atg&kkbt), and At q(At)(kAt) are good approximations to tha
_ﬁﬁ. correuponding denslty functions f (X), (\), c(x) and q(x{
~
Ny roapectiVQly, provided 4% 15 aurriciontly amall, namely
E ot < T" Thua, ir one determines a means of eecimating the
NG . 0 : .
;}? apectra and cross spoctra of a dincrete parsmeter procolu'
o . , " ,
ij} from a sample of finite lanzth, one can estimate the spectra
,éi and cirons spootrh of & contijucus parameter process, This
;vﬂ 18 socomplished by ctaerving n'uample function of the oon-
‘?Q tinuous parumeter procenss at equally apaced.intorvnls of
'Qﬁ E
N - 38 -
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-1. a : timo and ehen oatitating tho npectra lnd cross apectrn ot . -,},},}}*,}:\3},2

"i'l : . “"'::'\'."".."'

W -

thc ronulting ‘Alscrote pnrnmoter process, One h:s to assume

L4

ll

-that tho apootrn and cross lpeutrn of the cuntlnuoua parl-,

.
AAA,

mcter procosa orr-ctlvoly vnnish for aurriciently largcllln

L
~ea'ala

' nlsumption valid ror pbyslcslly relevant p» ocoagos) ;nd.

o
-
v

'bc: ha ..nu.1<° c.:a us lu ouxxicianply amal;‘so that .

-l alinaing‘ tecozes unimportlnt. -uith tha above rexzarks in .
;E; 'mind, tttontlon u'll Lenceforth be roatricted to tho onti-

;; ' -> nutlen of tba s:ec:r:. co:pacbrum and qundre,uro spactru-

f or e discroto pt“lxotor procaon.' ' i

235 Por tho shie of airplioiuy the rollowiag nbbrcvlatod
E:?' not ation is introduccd.— The rinito aamplo of length N rrom
.:3 a discroto psranster real two-d'wenaional stationary (zere
-, mean) Gnusaian voctor procoss giVOn by (3. l) is simply

gﬁf - donotod by |

'3

e

(3-2)'_ rxk yL], K =152, weu, Ne

B : (a6 (8t) -~ (at) 3
-t Furthermore, the donsicies rxx (A, £ (nN), & (N, -
_n': ( At) - yy .,
}? ad q (N\). are donoted by (X). r (k), c(\), and () )
P ' ;

reapectlvely, and tho correaponding spoctral functionn

A L

(at) (et) (at) T (at)
:;. Pox (M), Fyy (x), ¢ (2), and Q {)) by F;(l),Fy(l),C(X);
25 ~and Q{\) respsctively, IC-is desired to in some sense estd mate
2&' the x and y spectral donsities rx(k) and ry(x), the
gg cospectral density c(x),'and the quadrature spectral deﬁaity
5: q(\) from tre ss=ple (3.2). What {3 treated i{s not the
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~ N
. - ! -_S:,,‘-_ :'
: STl
estimation of the densities 'tx(k), f,(k), ¢(A), q{A) but
rather Aché ultimntipr'x problem for intezrals of these 'densitirers"'
over i'aétior froq@ency bindQ x;_l_f X * N L= 1,283;;. .,
" That is, the rrequency'do:uin 943 Aix 1 paibitiqned 1nt9:'
n_f!n}tp-ant or_rroqugngy lgteEVala \I_i flk,f li; ;7- 1,2,.5..If
?' . 07 by the parbition 0w A € A <Ay € o, €N 7w, The fatee
gigif N T grated dehiigioa__" o . R
"'.'!‘.. oo ' -- ) _‘ . .
a ; ' (3.3.1_) ay '-{ 'rx(x)cn = ?x(li) - Fx(ki_l)._
::{: | o S .
o (3.3.2) 8y ={ N = Py - PN )
-1 S - : :
R (3:3:3) vy =L 7 el = c(xg) =iy ), ¢
N ' -
:51. - o (3.3.4) & -.{ SN = Q(y,) - Q(li-l)' { =1,2,..., 1,
‘fﬁ‘ . ' C ' i-1 .
AL : ) )
I\h'-‘.:. : . - ) - .
Red . ) ars thus the perameters which are *o bo estimated, In general
!ii- i1t 1a desired that the frequency tands \1_1 Il ii be .
W\ A : - - ) s
f%; asufficlently narrow so ihat the integrals of (3.3), whigh spars
éﬁs from constant factors are the averszges of the spoctral, ccoe
Wiy 7 l

spect: 'sl, and quadrature spectral densities ovar the freguency

B

s

bands, indlcate the behavior of the respective denaicieé in t=

-es

Te e e s
o
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{.frbqgenﬁy cknas. As will be dlscussed subaQQuoﬂtly whe'wldtﬁp'

0o the freqhency.bnnds are dotermlned from statlatlicul. consider

“ations, for generally speaking as the widths 8, d“-"xi_l

= X

‘of ths frequency bands decrease, statistics serving awm estimators

 ror the {integrals of (3.3) becomorlosa-roi@ébie;’!;w. Hacome

‘ralati%cly.mqfe-bﬂasad'or bacome relutively more vartadle, In

LLu.63limativu prublen vo De now treated the parvitimu
: O‘=_Ao S'llrf }é "'{f < lr =x s cénsiéered fixed wnd atten-
“tlon 1s'¢irected toward oEtnlningrésbimatéra for the I T Inte-
grals of (3.3) in the case when (3.2) is'a-sahp1e‘frcm,m Gausslan
proceﬁs, it s, houevéf, shown ;n Sectioﬁ 1.2 that uwblased

esti-  “ars for ;he Integrals of (3.3} do not in génennc exist.

,A_commea;lis therefore interjected here oxplélnihg thuy -one.

snoulé not too rigidly §ohs;der the intsgrals of (3-3»;us tho:.
pﬁrnmeters #o be éstimeted.f Jne can obtaln uhbiaaediuwnﬁmatofa
for ce:;aiﬁ integfals, ggg the'lnteérala (3.3) vithrrgitanéular
Kernels, Eﬁt'sinilar integrals with trigonomeéric poIrnﬁmi;l

kernels ol bounded dégreo. Thus, the perametéra thoe wotually

are estizated (untlasedly) are certain inyegrala with taigono=
metric polynomial kernels of beunded degree that appruicimete

the integrals (3.3). It is, however, convenlent o agmok of

estimating the integrals (3.3), and this will be dona %hrough-
out. The preceding remarxs are somowhat anticlpatory wnd will

become clearer after one has read Sections 3.2 and 3.3
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:3.2 7 The Esbimnhcrn

Tha eatlmuhuxo rur .he “1‘ '1' ?l,rﬂl. i = 1,2i--fo.10

nro'pbtninod as followss

Lotc
Ag

+ xa'.x + 00 *. XN_IXR)

AT 3"

S o TN

Ay y " I N S . ' _ - ' e
and take m8s a clnna of estimators ror the “1’ 1 - 1 2‘.... I ' J};\ -

' 'ho qundratio tormn ',‘-‘f~"‘

1

(3.5) | qu-u(i)‘o . s(i) Al e ... + a%il Au-l”. 7- 1_'2'000_,:_" ] .,\- {:»._:

Stmilarly, let . o S T

V.

o _ » o . AL
| S - R R
(3060 By =y Tyt T2 Yaun Tt Tien TN, N

neO0, 1,2 ., N1 by

nnd take as a claass of estimators for the By, 1 = 1,2,004, I S BRERY
. : . .‘:"'h
~ the quadratic forms

(1) ) (1)

| (3.7) Qp =by By + b By + e by BN-l,i 2 1,2,..0,10

1

<2 -




o | | S
TN .._A.& v e T . : .‘-.A-'..‘ :
M“M L a2 ‘“h—- WWQ s 0l Bl oA b o 2844, FVON -u_sw‘ians‘«bm M'Mus&l»u FWRVY Y -dd;k',':‘::‘-‘.’-‘.;‘-
met L -
; . - . 1 L " -' .- B _
: Lgor-.i—‘xlyl L4 xayz";tf. + FNynj.' .
4 f'm[(“lya"zyl)""273*"3’2’"""‘_N‘Jyn*"u?u-ﬂ]. y
(3.8) R S

. . v - . _V * R s . - - V
Oy = ST T L LT ) Ty T en) )

Cyy =2 v xyyy )
and ték_o_u a claas of &stiinntor_a for the ~r'1, 1=1,2,.. .,1; the
_ ‘biiinenr'_!‘om; ' I I '
’ (1) (-, (1) ’ :
(3'9) Q*ig co co + 31 91,...ch"l gN‘l' i é 1,2, ooy I.

S
L4 .

Finally, let

S

SR s N
(3.10) Dy* 713 VT %Y TSR PRAREERAL RN Y *jIN-n'!

h=1,2, «.., N=1

and take as a clhss of estimators for thebi,i=1,2,...,1'tho

hilinear I‘orﬁs )

(0 ()

(3.1;) Q°L= dy p1+d27 Dz*"_“’dn-lnu-l' 1 = 1,2,...,;., : :f:_\j_.

One observes that the matrices of the form R :
: ° : > Qay %y Y0y

'_'1 8-1,2,000 L introduced above ars finlte Laurent matrices,

- &

A

N S
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" 3.3 - Mean Valuss of the Estihntori*

e e R b B KA d S

Thers now.iumalhs-tho pfob;em of how‘;o choone the

.+ . . constants

IO R
‘0 . ‘1 >.‘;90. .gfi

RO ENRD {
2 bg ), "°'.b§-%
STy )
%

"f 01 N lll! ?“_1

eS8 A A& R4 A TR .

dgi)' uoo‘ d§£{  1 L 1‘2‘...‘1 '

8o that "good" extimators for the (ﬁi,pi,vi.oi). 1=1,2,..4,1

are obtained, it would be desirable %o choose the constants

. (3.12) so.that .

- (3013) ' E Qai" QL:_E qgi. 51: ,E QY!.- Yi: B %1-. 0'16
Unfortunately, as will oe seen by (3.25) and (3.23) there is
no'ohoico'or the constants (3,12) that makes thla'p0151blc.

In . ordexr to,obftin certaln simple and useful expronl;'

;onl for thn expectations E Q“L'E QpL.E QTL'E QSL‘ 121,80 ,000,1,

axpressiont which will facilitate selecting the conatants (Bfléi.

1t 18 first necessary to eotsblish the following formulaes

(3.24.1) B xya,y =/ oos Ah £ (M),

- b -
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I e s i
. . PN 5.2 e S et aae e -t * KRR F‘\.l. . . .
\ S J pnind i SE A et S s WP ot . . . . e ab
LSRR . -\rq.."-“" i Vb 441 s vl ¢ i35 e W A .- kb, Vi TP Y u Yo 06 LT % -L:*.'- -‘.{-"-' 1,:_:-\::%. !

. o [ . . 5 . - - ) ' B o Frosiegmy _
- ' ‘ ' ' : AL

\.‘;"-.-."_' e T e S
h : .(3.‘11&2) ] B ykykﬂ\_ -_4' eo8 Xﬁ Vr,(?g)dx,
(3043 Ed Uxy4x T ) =/ oo Ah o(N)d)

s

o .
REUTIRAE B BE N LN 8 b 431:} An gt R}, -

'Thio:'rormulaa' (3.1&) follow nasentially from ﬂ\g definition

. , ' 7 (2;1;6) of the covarianoo funcifon md'(é.SO). From .(2.136),,"

(2.50), and (2.53) e
. : A

- . o _ AT T
AT W : e B SRR AN
(3.15) B Xan * 4 o NI BT, T
o . - C W AT T AT AT
S i .80 that . . : s . e TR E:}?;,.,..::\,"ﬂm“?“*:g
l““ i . B - T . - . T . N . T : s . . ._',.-‘_ '.'}.'."'. "-.',‘-' ) X
SreLl L " L . e . S e . . - . SR I T
fl"._l:.'_ic'_ v . ( 3 16) " . E [‘! son Ah T (X)d\ S 7 . . o ',.:3-"‘,::\_'_:.'_.( NN
-\ . o .o . B A T ! L - : . o A *, "c‘ - ’-‘ ) I'.l’ .“"\ ,""...
"'.‘- N B s : xk kfh -« X S AR s

VA T

Similar]l.y;'f SRR _- . ‘ - : IR ::_‘:!5:_?--- -m-:i

' %
7.(73.17) E ¥, Ten -{x cos \h fy(x)d\.
From (2.46) nﬁd (é.SO)

. . - x ' *
(3.38) By oS o!Mr  (Man,

Also by vitue of (2.51) end {2,51)
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: N x S =
. .(_3,.2_1) . B RO Ticen ! “,_{ 1 ain An Vrﬁer)d_k

since o(}) is an oven function,

Ah'Bﬁ'ch and D, oge ohserves that

_ 77 I |
(3.22.1) "E Ay -_{.‘-‘ coal mrrx(x)dx,

5 1hA o % =th) .
(;.19) B YSien -_{ ° r“(X)dx .{ LRSS LT
T STV ANTRE
=/ o FhTan = / o 200 (Ndh,
-1 XY x ) i

(3',20.) | E *f.ty“'*hxk"’kxk*h),f.{ o8 \h f‘l"md)', o
S S T Con ) S
"= f (cos Ah) Le(Z)=iq(N)1dv= /" cos Ah e({\)}dN .
- . o -X R

since q( %) 1a an odd function.

lalalalalal alalnl

Pl Rt L

$imilarly, . S L

ok S T o
=/ 1 sin A Le(A)-1q(A)]dX =/ ain X q{ A)ax
x . ) B At

From { 3.14) and the defining equations for the

LS
(3022.2) E BAh --{ cos M ty( )\)dk,
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3

(3.22.3) E o, * J cos \e(X)d),
S : -x s

.

(3.224) Ep_ = /sin an q(a)an.
o SR x . ,

Thu n. »

{3'2j)'sq -zlzm (1), <37 (”f‘c'"mr(x)d).
T

=/ (Z & " 'cos 2h) £ (N\)d\,
_.; n=0 ‘ X .

Thu ai ’

R . n ) .. -
N L L e L0 (A)an where

g Cpel _ |
P(‘i)(k) = fo l;“ aos. .

! _Simpilarly,

x ' :
(2.23.2) & %1 -/ P{,")(x)r'( A)dA  where.
-g d

2 r
se

| IRV PP

(1), 4, M2 (1) o
PPo7(A) m2 b cos Ah,
' heo B :

. : no (4
; (2.23.3) EQ, /B, (R) c{A)d\ where
. X

N-1
P&“(l) ez colt)

cos Ah,
w0 B ,

i o ' - 47 -
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(3.234) EQq =/ PLUO0) g4 where
. Y em . o -

- Ne

Pn =z alt) ain o, Tl

h=l. R SR

The equntiona (3.23] are to be considc*en ns spectral S -:;
rep*esentations ror the expectation or the quadrahio and bile- - : '<.f

: llﬂear rcrrs introdqced as os*'mntorn. For oxgmplo._conaider :: ;
) equation (3. 23 h). One observes fx‘om-eqﬁation {3. 11) de't‘ining
“the QOL a»d equation (3. 23 ) detining the. P(i)(kl thnt thore ':$%§;;;
"Is a one-to-one correspondence between the quadratic rorma Q° 7 _;i>£i£§
. ' 1 - ":\':-.'::'_\:.

and the trigonometric polynonials Pgi)(x), each belng deter- | %-“Séié
rined by the cunstants d(i), dtl) PPN d(i) Furthermprg! : iﬁ}";

N-1°

- the oxpectation or the quedratic form Qa. s very simply oX=~-
S . o o i "

 pressed in torms or the naaoclated trigonometric polynominl

P(i)(k), being an integral or the product of P(i)(x) and the

qqﬂdrature—spectral density q(l) Similar comments hold for

the rorms Q ’ QB » Q and .heir associated trigonometrie
1 1

pelymontals Dy, p(“(x), RLIEY rospoctively.' From

.egquations (3.23) ono galns some insishc on how to choose tho

constants (3.12) or equlvalently the trigonometric polynonmials

p(”( A, p“)(x), P(“(x) YO0, 1 =1, o, 1. Taxe as

a typlcal case the problom of how to choose Pgi)(k) so as to

estimate 61, From {3.13.4), 61%{ q(x)dx and 0 < A < N SR




>
B
!' ‘i é ’ . . “
- C : “ R il [ ot
BRI R STV W M‘bvm._._ LT I & O RPUN WU G |>-\-: .
G .
I —..j ! ¥
. ' . - o ' '
. o ML

'_Xf it. woro posslb;o Lo chooaa tho constants d&ll. hyl;....u-l .

a0 thrt L L
e .or\,.l‘x" >1
R S R
- - . 0 tor 0 < X< 1

e o N <A R

-
~
»

.

-

then uince P(i)(k) z';ecossariiy an cdd tunctl§n, Pgl)(\) -

LI §
L N A )

L 4
]

E/

P‘i)( \) for 1< 0, te'césoclatqd vilinesr form Qa -vould' .

. antisly

, . x R,
(3.25) EQy=/ Pd"m q(xm 3/’ aa -4 £ aae
%074 | ! R A

/ - Q'Ud1= )

-

".'. o

fl.e, QO woﬁld ttea be an unblased estimator of o fLor every
) . .

(1), The functlon defined by (3 2) ras tberinriniée Pourler

( L4
series expanaiﬂn -
. .
o o ' o . . . B A Powtl] et b B
( 3 . 2 5) z —( cos 1 lh - cOs3 Hh) s m m 7 - . : . ‘:9“\"‘-' _‘-‘:-‘ '."}.-‘._;_\‘.\ A
h=1 nh ; : E . ‘jc;s:b;.;;:' W SR
7 . i - SN . LRSS
. . . ~ . *\"‘\.
' , . TN
and hence can n2t %e exactly represented by any finite trig- .
: N-1 : N

onometric polynv=ztal c¢2 the fcrm PS‘)(\) = 3 (1)s.n lh. ‘Thus, .
’ h=1




v e : \\x ’
7-.;'.. ".’-d U -'.l.; ror.‘"‘y'."-. I 'L:{'.::..'-ﬂr ......:.".:h;_.r_-,-ru- -ﬁ‘:‘.w .;.....,.‘—fi.ui
nll ost.lmntorn Qﬂ ot‘ the &, avo in genoral'(i.e. syit.hout. spect-
"‘1«: as‘-umpt.lons on q().) bluuuul. Similarlv, the idonl P“')(k).
L (”(x), and p‘”(x) are eq),tml to p(”(x) where

s frerant
. T S
".(‘3,.'2-6) . 1o for 0 = e \ 1 or )1 < x < d

P“)(X) i P‘“( A)) Mar - n <k< 0.

stnzo Q!;h?“’(k) _!‘ox' Pi")\('_xx‘),,' pg"‘"(){), pg”n)

I"? -u (1) \. =
AuQﬂi _{ P (M '()\)dk _ a1

e mag -/ P(”(K))ﬂ;y-'(il)dl‘."l_

E Q,, = fn. P(“(Zx-)) o&t\k‘)dx- - Yo
o -x ) RS
The "unction P“)(k) given by '(3.26) has the infinite Fourler
series expansion o
A, =)

' £7N-1) R 2, 4
(3.28) + I ={sim \h - sin A, _;h) cos \n
C x h=1 «h. : :

and herce can not Ye exactly :apresentod by any finite
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-trlgonohetrlo'polfhauill of the fora I 'p‘

thO Q“LD Qal. CYl;QOlD iul, 7 -c.’. L .a:e

'qablf.fStiﬁgﬁgpg ror'qx.-Bt- ?if

Q. » Qa

S o L . o . .
ek e PR, " s et L. . : .
M«HEWA»&“ a: i ot (B D A At g o st i bd - e s

}‘ cos A, Thus,
h=Q ' -

in generef, tha Q ”,'Q, « C " are Liased estimators for
T DY R £ , : R .

01. ﬂ1,1Y1 raspectively, -
. Pron the foresolng dlscussion 1t {s clesr that if

%0 serve a3 reason:

the tri'gonomeﬁr;c polymcmtals Pgi )( ), Pg“(k);.l’g”( ?\), &:-N.

Pgi)(x),,1=1, evey L wust roasonably sppreximate the idqal

functions (3.26) and_(j.?h) respectively.- Explielt expreés;"

“lons for certaln ®gcci® polynomial filters are derived in

,'80ct1'o-nl 3".5.-'

" 3.4 Varisaces and Covarlancss of the Estimators

In hdditio: ts the criterlon of untlasedaess dis- ;

cussed In Sectlon 3.2, the following snould also bo consid-

ered as ldeal criteria ia sclecting the setizasors Q , Q‘3 R
a - - . B TS !

, 121,2, oo, Ip
L1
{a) minimum varlablilivy -'i.e., the '-'aviabi_lit)"

R 1=},2,...,1’ should be

of the estimators Q. » ’{p » Q, » Q
: ¢ TR ¢

: 1 9

a minfirun, and

(Y} no covarlac!llty botwee: estizsters yertalning
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.'o.‘r Qo . mdq

'j independeat.

. ror tho varlancos and covariancoa of the Q

to dirrorent rrequoncy b&nda - 1.e., che estimntoro Q Qpi

Qg 'D Q '.o AQO” fOK' !. r’ 1 bhuhld bﬂ -

Ia order to 1nveatignta the varlability and coverd=’

abillty of Q Qé » Q . Qo ’ L=1 2, vesy I 1% iu nocouanry
i ] o

to eatabl'ah rormulao ror tho varianges and covartancea of

tkeso esti:ators. It would be denirabla to havo rornulne ror

'thoae varianaes’ and cova”inncen aimilar to tho spectrnl reprOo 1'

sentatiun formulae (3 23) for t\e cxpectations, a# such spectrnl

represcn.at!on forriulae are partlvularly simple nnd conciso,

ard 1nclyﬂt6 the runctional dependence on tho aspectira, uoepectrum :

Spectral ropresentation formuln*'

Qo"v

1=1 2, cess I are poasible. However, it tho Qd » Q‘3 QY

nnd quadrnture spectxum.

Q° , 1= 2,...,1 are repluced by certain modiried rorms &a ’

1 ,
33 ' Q, » ao ’ 1-1, eeey I, the spectrdl'representation fornmu-
TN AR 8 _ - -

las {3.23) sglll hold, e&nd the spectrai'representntion rormulao'

for the varlances and covarlances ure particularly simple,

The modified forrs Qai. ﬁpi, ) , 6°i‘ i=1,2, 144, I, are.

Y4

studled telow and the spectral representation forrulas for

the varlances and co/asiances of thess forms derived,

et mts A il e v o 0, -
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Ih ahould be montionod chat only bhe aasUnption uf woak

X

ntationaxity wa s uaod to deriVe che expoctution fuxmulno

‘()-uB). Hhuluu& in »ho dorivasion cf tho oF thsi rupvannnhn-f”'
A

) §;°“,9t tho variances and‘dovnrionce; oi ;he a“i' api. QY;' .

1=1,2, 444, 1 the haéumption thgt (3.2) 1o a dumpio--

L fé’if‘ : | o
fj;-,; ; “from a Oauséian.prbceda 13 used, fd Gauasian usaumption;ia'
&S.:f_ © - used to 6xpross rourhh moments in ‘terms of seuond momenta by
oS ‘meann of the theoram of Iaaerlia which states tha* 1r '1' s,

3, h' hnvo a Joint Gausaian distribution wihh zoro moanu.

then

i3.29) COY(zlzz,zjéu)=Coviz )Cov(z2 u)+Cov(zl L COV(?Zz

CA R A AAr
; ‘-.{\' 5 }.‘_’ﬁr S

wheré

< = - L _

}k ; (3 30) Cov(u v)=E|(u-Eu)(v-Evﬂ = n(uv) (Eu)(Ev). :

o , -

OB 7 Tho theorem of Inserlis ia'proved'as rollowa- The criaracter-
1atla function of the Joint distribution of zl,z-,zB,zu.

o by (2.7). ' '

<A

.

MR : .

0 i(tlzl*t2z2+t z +t ) L

(3.31) E e B L opp -} wFne 1Pt
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whera E 2%, ”mnf m,n = 1,f.i.h.
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lVUpon oquatlng the ccefr¢c1entu or t ca 3 4 n tho oxptnslona '

"'ot tha rlght and lett hnnd membors of (3. 31) ona obtnlnl :

‘ (3 32) E( ll 2332u) - )112#3& + “13“21} + ﬁl_‘uas
} Buc. ' ‘ :

;‘3 33) Cov(zl 2.z3 h) = F(zlnazjzu) - E(zlz ) E(z3 h)

v

L O
LI S

'-' E”1 2‘3‘&’ ”l‘"" “13“2u*“1u“23

-

e

=
&,

-Cov(z z )COV(zZz4)+”ov(zlzu)COV(zazJ)._'

3
Sl

5’; . ’ o -~ "Al, A A : 7.' ‘

"\:\‘- o - Ta _introducing the Qu R Qp » Q . QO , 1=1.2.....I‘
UN

N ,
NN and in deriving spectral represencaticn rorvnu ror the vnrl-

ancas a.nd covariances of these t'orms 1t s conv-mlen" to n:s.ko

R

S ‘the folloulng chango of notation. A translntion of tlme 1
‘:. DR mado ao thnt time zero occurs et the centexr of the “eﬂord, 00 .
XN N SRR : ’
e S o : that \au:‘ming N to ba odd) the tln‘to sa“p.o (3 2) i3 thea
D denoted by '
. ,
i S
‘:":;: (303h) J'YJ » J = “&(N 1). e o 1. LI WY ‘(N ’).
Q T.he fcfr.s Ah'-gh' Eh, D11 are then det‘inod &3 follouy
N .
S
o ‘M
z

U
(3:35.1) Ay omey (I, *g-in®sedne

AU ek

E_'.'_'.':.'_&'_t.';.'.s'
.-
3

Py -"c‘."
.
2%a"s"s
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.:- ; . ‘for h = o,l,Z! cesy Nu2Mel;
' , . aad R
] ' Ah-BhBC =Dh=’0 ror h > N-2M¥=~ 1, where M < N.
‘o . . o . o 7 :
. The following remarks pertaining to (3.35) should be
‘ . notodt _ _
- (a) When h 1s odd, j + ﬁh 15 hnlf 1ntegral so that
o [xj*éh,yj+&ﬁ]rerer to obaervutions at tlmes mid-way betueen
,?“'- ﬂE'i . ‘the actual sawpling tlmos k.t of e\uatlon (3.1).
y - ’ '
' (b) All the p.h,ah._c'h,o , h--o,z,a;...,u-zm-l are g
j ) avefugda or ths same numbter (2H+1) of lagged-p.oduc s, whereas
E ) more lagged-products are avallub e uheﬂ h < N-2M-1; also
, . lagged px-odu\.ts for h =» N-u -. are neslected. @!mﬁ,ﬁ.ﬁw

The Q .Q,‘3 ,Q ’“‘6 , 1=1 2,...,! are uci‘.neo in »e“msr
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—yy e e
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B9 ) V;thigx;}_
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;S " .§: S ronpeottvoly by uett!ng = Thu.,

LR (3.3_{;'.1,)' Vur(q Rk f't “’(.“(”’. v, (;{)Ax,

-Q

(3,-3,?';2’ V"(Qp ) e lP“’vabb( x)dx.;""-'

: C(3.39.3) Vur(QY ) -.17 t?“)(x)l v (\)db

S . : i 0
e : .
‘. (3.39.4) var(a' e i ?“’(m v mdx. -
B o cs1 8 "da
‘4 - oL N R ' o - . :
o v ' ' o L ' _—
,“:--~  Tha oomputationu ln the derivation of tho covarianoe rcrmullol"
i el (3. 37) ara somowhat lengthy and detniled and for conventence
.‘ . .
A"' : nro st aparg in Seotlon 3 5. Thenae computationa show thag
t; : ..(X), ‘b(x)o (X)o aee V d(\)o d(l) are givanrbyl
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RN and m = N-Zx-l.. The pcoblem of how %o choo'élo zhu_rn‘terl '

s k) ) :

tzﬁif' o (P (x). vees By () ) so that ®good" e;ti wsters for t\o

N '

Cru °k"“ .Yk.ok). k=1 2,...., are obtainad is nox diacuuod.

_w;E Thls dlscusslon is -eutricted to tk o case where the rrequency_

&: dorain 0 €« A« x i3 partitioned Inteo a set of 7raquency inters

N vals A, € A<, k= 1,2,0..,] by the partition 0 = A, <Ay <
ad Ceve < XI . < II u g given by 0 € 3 €3 5= < ..o < (e 3) 3 25

1a o

> (2rel) == * < x 80 tunt I = n+l and the trcquen-y intervuls sre

o (excopt-'or the tuo end 1ntervals) of nquxl leagth, Ono can
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. . 95) ¢ (A) = ¢o(x-k D,
1 N B . R
; {3.96).
,?(i) = 2 Real Part¢(\) 3-1'*ng1 ¢C3 JX"']‘W’ L2
; o' =" 0 m m J—I 7 n
{ . B -
! . fk(k) = Reanl Parﬁd’k(l)* ék(?‘n- ul:+ % ? 11:0! —Eeos A+ iﬂcs nzos u;\,
R k=1, 2, ..., me1)
t"f: R : ' m-l )
t:f-: o : Ym( 2\) = 2 Real Part ¢0(X-u)' % * é ?:1((-)3003. n e -:j (-)"cos mly
KO e ' # o .
ORI AR PR R RS
I:"_\“ ' : oL o . L o T :
Y& I V'ruxeyu? I)-as shown that 1f K, and Kl are chosen prop erly md
¢ iy ' P /? r41 hieh ; i
D) ' nm > 12, Real Parb\Po 3 YO + Kl 1 1s | .--ter which approxiziates
~ ‘ .
= | SENEY A1) (13 , |
- ‘ the 1doal 3‘ (A), B, (), P, (M) rilters given by (3.26).
N : ' , _ . o
' "Good" ocholcea of (KK, ) are

(3.98.1) (Kg,K,) = (0.54,0.23)

(3.98.2)  (Kg,Ky)) = (1/3, 1/3),
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a' vlth (3 98, 1) tho riltor (ror m=12) 1: or ‘tha roru aketobed 1n
I  rig.ue) sna with \3.78.:; the filles (fon w=12} Lu of the foiw
‘a‘otchod ln Fis.(l). It Ls seen thtt .0 first rilter nelrly
-vnai-hon eutnido or nn intorval oencorod at x=o. but in not ll
l-conntnnb within tho interval as 1: the sooond rtltar. Tho o _
h 'sooond riltor, howovor, dceu not as ne:rly vanish outsido of nn .
'lntorval conterod at A= au doea the first. Both filters
”rluctuate in aign out*!de or an lntorval or Iength Q— (3 ror m-l?)

' "ce'xtered lt X- 0.

% Real Part[@%(\-k E) + qg(x*k %)]_ia a "gqod“ approximation

-torgho 1doai.$&k’l)(K). ceds ngtll(\) filters, and

.(}.99) % Real Part (gk(k-kg) + q%(k+k%)) -

‘2
~
i w

e v a e B Ll L L AT BT

Ir Real Part W is a good” nﬁproximation to tre 1deal
p“)(x)....,p(l)(x) rilteru, then for k % 1,2,...,m-1,

E) 13 a "zocd" gpproximation to

3 Roel Pard¥trex B - Yoo

P( k+l)

tho idenl (\) filters. A computation ‘hows that

h!_{‘\a%.wwm.\e aﬁ%_g.!

& moal Partlx, &_ (a-kE)exy § (n-k ""14)‘1( A-k2)

. xl¢_1(x+k%)+xo ¢o(\fkﬁ)*xl él(;\jk}f—‘)lr -
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| (3l.101$. X;(x) g Real Par-t[}bk,( A)- ’f)_k(x)]{

K RN

B T OV P LAl S . N .

}rml Psrc(xl¢k 1( x)*Ko 4},‘(;) Kl %u( *’*Kx‘#’ K= 1“)

+K J) l\)ﬂ(lrlb o1 N

= B Doy )+ KR ORI £y O 1

Similarly,

(3.100) k[aoal Part l]JO(x k—-)- ‘110(\+k")1 -

X, 4’-1:-1(" )-Kqg ﬁ_k(x )~K1 gbhk,'l(z )y

'&[K /?. ry’ X' )‘i’- Xu-- X)l
vhers
k = ‘l.Zp....In*l ’
and explliclitly

GHIA-IT)  1I0kT)

) ' .
(3.202) £ (%) = Real Purtl 3= Z
K S+l

m
= Real iart (21 7 o510 1%1]
a Juemel
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3 . B gyex
d lJ\
e = Imglnnry Partln §--u¢1 ° sin -——)
. kn
- Nz 25 ain 'L- sin J\.
- I - sin <4-2 aqn jA = = "t T
N L n , ! m = S
1 -
B o . . .
39 .
-l The ﬂltera nenterod atx = 0 and A= x (1 o, cases kul.n*l)
,: roquiro speoinl trentmont. "'hus,
140 .
K\
} 7 (3. 103) Real Part \PO(‘Aq)-Real Pnrt[K& 1(.\~1)+K° ¢0(~~x)*xl ¢1(L-x)l
- - i K Y + K f l!n a "good" approxiruticn to tho fdeal
,:l' ?ﬁ"“(x), ’ ?f,""”(x). Since the quadrature spectral density
-‘ -
N\ q(%) 13 an odd funstlon, q(0) = q(x) = 0. Thus, if m 1s suffi-
{ I ' siently largejyone may *r.ko ) P(l)( S ?,(m*l)(u = 0,. Por sullor
' . o “m the dotominn\.ion of a good" npproximttion to the 1dnl
:' P(l)l\) aad P(m 1)(x) would require a study similar to the ons
: csrried out by Tukey (171 to determine a "good® approximatlon
- " to the !deal ?’ﬁl)().) and is here omitted.
“ 3.7 Sampling Distritution of the Estlmators
. In Sectiony 3.3, 3.4, «nd 3.5 the mean va.ucs and vari-
- ances end covariancss of the estimators a ,Qg & ,3 , 1=21,2,...,1
.: di Yl 61
'.; were studlied. A heurlstic discussion of the distribution of
5 ’ A A A A
; the estimators Q“i‘Qpi'Qri'Qoi' 1 =1,2,:i.4,I {3 now prosented,
The analogue of the spectral representation (2.33) for
>, a dlscrete parameter two-dimensional statlonary vector process
i is
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'. : {3.104) - cos kA + [stnk| k=2,.,,-1,0,1,2,....
o SR B , du_(X) av_(A) IR
< L=y o Y4 oW LYo,
i Let
< : - i
H N
| . : z 000 oGl : V. (\)
T (3.108) . 2(x) = «3] | -31 v 2(=\)sZTY
o lz,m, ey AR
: o .
\ o=\ <)
. - 'n_-h represextation {3.104) can then bo rewritten in the complex
* ' form . -
PR ~e
. Xy x 7 Z (A

: 3.06) | ] = et M az(n) = [elkMa k=...,=1,0,1,...
. % ' : wl - '
: 4 i el dor zy( ) : .

'I"n'un,r
E (3.207)  xex. =/ /et M 1% wy (h daz (h)
: e Ly LD M : :
; ‘ c ’ : V ::-: ~ ".-‘n.'.-‘.";\:-.'.’.‘ .
; Make the epzroximaticn that (3,1043) alsoc holds for half-integral Lé...f_."',:.l‘l.._.“',:

values, s0 that . ' . v ‘-‘:;.':‘--_-'_'::v

(3.108) | | e
' . H ‘ N . . .-l‘ ‘~<‘ )
| n 1 - . R Hm-gh)N H(meshne . .
o Ap® ol ooy mean ey ?ﬁ+1'{£/ mf_H° 1 SR AP

h=0,1,2, «.,, N-2M+],
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(3,221} Qr /‘ ﬁ‘(,”(x)dz';(\)dz,( x)

. 5 _/ ﬁ(“(x)[dz (MAZTX] + 4z (xTaz, ol

e .
¢ a o
e’ A

» v
.

-0y PAR ARG SN LM TN M O

2,7

A sinmilar lrgun;nt for 361 yields,

I

. .
R R

P

(3a22)

LA 4

—_— () ((AT_(WII(av_{ N )=(av ) )(du () ) .
a"i% 2(2)1*1)4 a (W (AT 0 Y x Y

.

E_j The expressions (3.116),(3.117),(3.121),(3.122) should be
E)[ regurded as nsymptotic forms of Q Qg QY Q rospoctivoly.
i g

T e |

g
.

Frea theso oxpresslcna cne ccsorvea the followlng:

.

. "

'_"f ) A { A NEN .
3 (1) If the filters P(.“(x_), ﬁt‘, Y, rf,“(x). Pg YNy,
u.\'— i

- 1 =1,2, «osy T had an ideelly sharp cut-off (i.e, vanished
é outsids the intervals.l LYPR R Y. IR VIR S VI I W -li_-l), then

A - A A
for { # J,Qci.api.aYi.Qal and 6°J'S¢J.QYJ'Q°J would (in the

Gausslu:r case) te indapendent, since each astimator ilndexed

by { and each indexed by J are functicna of spectral rsndom

AR

varisbloe in disjoint frequency intervele, e«nd such random

varisbles (in the Gausslsan case) ars independent, Thus, if
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: (1) A1) ' o ,
tha filters ?; ), ... P, (\) have a reasonably sharp oute

'qrr (this 1s attalnable ir (2M+l) 1s large) ths ostimatora

Q; seee, QO and ﬁc yee, QO j' 1 £ J are npproxlma tely indee
s § ’ 1 J

pendent for lurge (2M+1).7

A1) .
(b) If the filters 3 (k), vesy Py (1) were 1dsal and

FEWRSE

the rroquency interval Mg 2As xt aurfielently narrow so bhue_

gx(X),ty(k),o(k),q(X) could be considerad constant tn the fntorval,
Cthen ‘ o '

e Al A At

I L A, ' - '
(1a231) § =k/1 ((de(x)).+ tav (A
{ _ x
" lx Va s
(3.123.2) Qp 2 K JS ((au_(2))  + (dv_(a}) )
4 . J M

Mo

< . - bt

, . A . - _
t_m_ea.a) QYj.:s K/ “du’F(m(,dU’m) + (v (A))(av, (A))

Ma

A M : ‘s
(3.123.4) Qolts K s ((de(X))(dVy(X)) = (dV (R)Hau (),

LYW

D N S N S On g

thua aai. era, ao would (in the Caussalan case) be reaspentively

C omm a t

sums of infinitely many independent indentically distributed

random variables, and hence by the central 1imi{t thearem

) ,a 4 ,a ) would be distributed four-veriste Gausaian,
83" Py Tyt oy '

P

Thus, 1f the iltors 3:"(x). el ;gi)(x)’ are reasonably
; flat, have a reasonably skarp cuteoff, and are not tne wide,
Y
y - -
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(H ’Qﬂ 6 . ) Ls dlatributod npproximn.oly four-variate
“1 6

Ouuaainn ror llrgo 2H+1.-

In the case when 2M+1 is not too llrge, yot the riltorl
9(‘)(x), veey P( )(A) can be considered uensibly narrow (lo
that r (\), r (\), o(k), q(2) do not vary. greatly in tho

rroquoncy intorval A - < BN < Y 4)s one obtaina a bottor

approximation to the joint d!atr!but!on or the cutimutorl

aijrl... Q as foIIOHG.

Gulded by tho aaymptotlo rorms (3. 116) {(3.117) (3 121),

(3. 122), one introduces annlogouu fin:te sums

T n s . &
l"'zﬁ-ifl (uli"xl)

1 LI
+ -
(1.124) PrE k)t )
o=l 2 {u, ,u + v . v..)
2n tmy  xiyt xi vt
4=l g (u ; - Yo u_,.)
2n fmy X'yl xiVys/»
where

(uxi"xi‘“yi’vyl) 1s distributed four-variate CGaussian with

mean (0,0,0,0) and varlance-covariance matrix v
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e e s b oy L b s b b v et s e e
1 0 a P
_ 0 1-f a ' :
(3_0&25) o : v = ’ (Q."‘.’. : 1)'
ST _ . a-p 1 0 - :
1

990

for fixed 1, snd (“xi'vxi'“yi"yi)‘ri ® 1,2, ¢s0, n are inde-

pendaht. Onb_thon approximates the joint dlstribution of

aGie . N A

::'f': - ‘ (73‘126) [ Qai ’ : azi '. A&Yi A 4 Aaol l ]

3' B ' E.aal § Q?l 7 jﬁ'—q“x = %y e “ag B a"s

;j: be th; Joint‘distrlﬁution of (a;b,é,d). In rordroneé_ﬁo (5.i2ﬂ).
:Eié 6norn§turully aasociafop (“ii;vxi'“yi"yi) with |
= el ,

N S Welhy) dvy)  au ) )

.- . ’ '
L | Lo an O dan ft?xi)d\ jr?;\i)dx]

. j T that the parameters a,p in ({3.125) are identirled as

(30128) G=—"_°'LX‘)—""‘- pp =""“_(}'("X_)‘"""Q
VOMESTMEY ,/rx(x)r,(n

4 L4

X
. e
Ts’a

.'v.l"'-
R A S
. v .8 F %
£ a2 e

Y
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wwa ) orrn veeva
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SRR
AR
- I
I | | . | |
> ",f The condition a"+p® <1 which insures thet v ls positive semi-
! ’ g_ JerinitQ 1a tha analogue of tho coherency condition (2,52.,2)
-, ! . .
% : that o®(A) + q*(a) - £, (x) £ (2) 2 0,
S o LA
> { “he joint distribution of (a,b,c,d) and rolnﬁedrdiatri-r
I i butions are studied in Chapter 4. As indicuted in the pre-

coding discussion ( and later diacussed in Chapter S) these -
diseributions approaimale the joint distribution of the

B relative or dimenslonless estimatora {3.126) and the dlstri-

Bt

butlone of certaln functions of these estimators,
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Chapter b

e 8 v gum

The Complex Wishart Dist-idutlon and Related Distri>utions

.
-

u.o Eggggguctldnl

. This chapter éon&orns itsslf 4ith the deriva-
tion of *he distributions of certaln functions of coxplex
Gausalan randca variables. The fundamental distritwtion

‘dertved !s a complex analsgue of a Wishart distribztion,

© - This distribution, namsd the cémplex Wishart distrizution

. , , , _ . IOAREN S
serves as the starting point in the derivation of tZe . -T}?::i‘at.

othar diafributions.

had Introductory Specific~*'on of the Complex Wisksrt
Cistritution and Hel Distributions.

Let X and Y da:._ ;e the complex Gaussian

: rrandom variables

{(L.1) . X wUg+ 1V,
iv
Y = U’ + y °*
whers the real random variadies U _, V_, U, V_ are dis.

o L S A
tributed four.variate Gousstan wich mean (0,0,0,0! axzd

variance=covariance matrix Vv

— ' -

o; 0 aoxay pdx"y
0 a; -30107 acxay
(b.2) Vow | 999y "P9%I a; 0
k}‘ Payoy @07 0 o i
; .

R
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vith a%sp® = 9®¢1 . {The conditicn y®< 1 fnsures that .
- : "~V 1a positive 'lmi.'de::‘,:xito). ' -
o L Xsv, define and evaluate ' :
STNE Co . : : ‘ .
:.‘,‘: ; : (k.3.1) o Ao » Variince(X) = ¢ E.‘.(.x‘ :'c; .-
- ‘ (h.3.2')7 Bo u VarZaoce (Y) = & ET“Y = o; ’
‘-~:‘. 1' . - - i
';. X ! {4.3.3) C°+1 DO = Cross-variarce o2 X with Y 3 % Ex®y
_r‘. : T _ . . : ) . .
e !
08 | = (e+iBlogo, o
ey and o
(4.5.1) Co a Co.Ti>tnncn 61' X with ¥ = Real Part (3 EX“Y)
= cvxoy R
(4.%.2) Do 2 Quat-Turlance =2 X with ¥ g Imaglnary
oyt . ' '
:‘ Part (4 EX'Y) = ‘3"191"
(L.%.3) Ry 3 2-ziftuds of Cross-Varlance of X with Y
] ) , ) . ) ) - . Q... - ] ) ’-"‘ ‘.~,0 -‘, - ,“ . L
N i 7 - ) F ‘.‘I’IP. (é EIX ) =Y Ux(‘y » _ l-r;?o.w Af’”v’.(ml [
l 7 (L.b.b) #’0 ¥ Arsomsnt of Cross-Variance of X with Y
v
o, = 215 (b EX'Y) = Arg (a+ip) ,
[ ) .
!.7 . - - - Ll A . - Var Y
w (4.4%,5) Fqg = Yarfance Railc > ¥ and X = ﬁ;&}
SN , 3 o?
[ w2 g X
L Ao o? .
A x
o
Ny R Y
- - (hod,6) Zd z Col.ererzy of X 5=2 Y = 2 XY ¥?,
8 var{X) Var(Y)
:".-;-
N

e
t
¥
[e]
=
¢

o

(LS S M
[ g o .
L

L)
, P )

.
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(b.be7) | Ly = Corul.ox Ragrassion Coefficient of Y on X
' wlty - (a+iB)a
TNY a X
- l-‘u.!“ij : Ox .
VLo‘t' (X»J, YJ)., vn.'..h .
(h_.S) . XJ = U’-x\u | ij‘
YJ = US'J}» 3 V’J. J = 1.2_.0.0! n .
denote indopondont- randion variablss, where - Ux.J" vxj,
ij, vyj fer fixed. J wre distributed as are U Vx,
v, V.. ' '
A £
Define and evaluate
(%6.1) | | A= mumn;o Variance (X} & 2}5 jil xj X.1
o | -17;(0‘ v“ .
TE g kR
(be6.2) B = Sm-mle Variance (Y) =z L o Yy
en j=1 LR |
s 5 zt, (U2, + v3 ) |
(4.6.3) C+ 1D = Zcmnle Cross-Variance of X with Y
1 e 1 0 '
z I X, Y (0 v_.,v
Zn T Jfl‘_ %1771z sy )
4 N SRR T BT
’ “nj._.]_ x}"yJd x)'¥d

@

12

e e

.

e st
a t
-".'a:'.u'}

A
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For {ndopandent real btivariate Gnus&inn randon varladbles

(x,.Y)), f*1,...,n such that E(X;,¥;} = (0,9), e foint

distritution of - |

. n n

(4.7) z x; , 2YY, 2 XJY
S (15 U RS U IR TS W A
! i 13 a Wishart distridbution. Thus, (L.6) suszests that the
:::_'- - Joint distributicn of A,B,C + { D is a complex analogue of
< : ' :
;\‘ ’ 4 Wishart distribution. The joint distritutien cof (A,B,C,D)
% R 13 therofors called a Zomplex Wishert dlstzitutlon. .
!}" - Now, in direct analogy with (lL.L) cefine eri evalnéte
- . ' ' 1 % ooe
(4.8.1) ©C g Serple Co-Variance of X with Y = Real Part (‘-:3 z XJ YJ)
B
2 .1 B o
N 2z F Oxglyy ¥ Vaglygt
24 —
‘o (4.8.2) D = Samdle Quad-Variance of X with Y = Izag.Part (IT z Xy )
cLl T(vu. +u v'.)‘,
. en gy Xyl TRy
o . o .
4 (3.8.3) R 5 Sample ‘mplituds of Cross.Variance 37 X with Y
G . .
"
. n .
> = Amp (2—1- 2 xTy,) = JoreD?

nj=1 37 .

{(4.8.4) = Samplae Arcuicent of Cross-Yariatce o2 X vwith Y
N .
A . 1 s
- @ Arg (ﬁjil.(JYJ)z Arz (¢ + 1 D) , :_-::.: s T
L) Y. Rubiie). M
o
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a’ K . . . . LR R -

‘;”

.

=2

o n o,

. L : _ Yy

N . | — — e
~ \1,8,5) P w Sample Variance Hatio of ¥ and £ % S X
L . ® .

- : : - XX

e -~ gu1

i“ ) 'n . ‘

A : L) S

s NER VAN

(4.3.6) Z-_ Samnle COhéroncy of X and ¥ = ~i:1 = :
- - o XMooz YY)
J51 JJ J=1 37

e 2

s & 8
PR A

ci,p?
AD

il' (A

v, N‘ n‘ .

Samples Comnlex Reprcssion Coofficlent of Y on X

"w .

(h0807) L

3

z Xy
q=1 374 C+1D
L no, - A ¢
z x%x
A it

s
(13

v r
P

X

The ssrmls complex regrassion coefficient of Y on X _can

Foy v -
.5

.bo exprezssd in varidua coordinate syitoma. The followingf‘

coordinate syatems [sao'Fig.(h)l are of importancet

. e ®
»
- _a

14.9.1) Eoctangglarr(LR:,LIm) whers L = Lp .+ {4 LIm R

'
.

OLAAY

(h.79.2) Polar (G,d?)_ where L = G 014’,

1,

{4Le9.3) Radlal-?ransversa (LRa'LTr) where o, = (LRk + ¢ LTr)§ .

oror
.

E

' i
{4:9,4) Centored Polar (L .8) where L = (1 + c_ 419y Ly

Tg

¥
"

ALY

AL

»

1
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AR NALS
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“ v




.

Red

Ll A el e R R ] e L BRI RS R o TR

g F

st

brm

~N

\\, .. ) -
P?"l-’--‘ll.ll"vu'll"

~

- Tny

A

— - e S

Coordinate systsmas for the srpls complex regression

coefficlient of ¥ on X,

(L).

Pis.

point P designates the obmplox regression coeffielent

of Y oa X,

The

doaignz t¢s the sample corplex regresaion

soefficient of Y on X,

The pulint P.
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o With referenco to (Le9) deiine and evaluate
ey S {h.10.1) Lpe = Renl Part ol Gompla.. Regraasion Goaffiolont of !on X -
\"1 AR . . -] i ' -
eo
:.' LR - _.1 »
Ny 9%

k (4e20.2) L 2 Imaginary Purt of Comnlax Regrension Cosfflolent
[ : 0" ef Yon X .
5 : % :

-.-, ——1

i Lmou o *

Y (b.10,3) 0, Gain of Complex Regresslon Coeffictont of ¥ on X

2 o ye

W O '.-'-61 '

\5 X

'V' S {L4410.4) ¢°5 Phasa of Complex Repressicn Coefficlent uof ¥ on X

2 g Ave an1p) |

\ 7 {L.,210,9) _LR‘ # Padlial Coﬁ:nonant of Compléx ne:rossio.n Gooffiolant
: 9 3 Y¥Yen X .

x Yo_

o~ :“ [ ..—..I N

- a, o

. (h.10.6) L'I‘r ¥ Transvorse Componsant of Complex Ragrsssion Cow-

i : - o affleient of ¥ on X '

b : L a O

-: ’1‘:‘0 ’

s | -

X {L4,10,7) Ly 1 Cantered Amplituds of Complux Ragrension Co-

@ o officlent of Y on X

IR Lo =0 ;

) :

1l m%etadt




- EV R TS TR R
B | | C | B AR
. <8 - it ' . .
Mu;‘\hn.- Ve l-i‘zh!"—"'ﬂw.un [PRE P T ETY ¢ e MBSM“&%»HHM&-MHI S s AR A A AL . \;’;&, 4 — ,:.
, ,." , ‘ o t \ ‘ .
N and ° o - , P .
v | (bo1dl) L, @ Sample Real Part of Complex Heg-x*ess;o-n Coaffiolent
 Lpem X 0 .
l"l C -“ . '
:‘.‘ (L.11.2) Ly 8 Samp_Le Imaglna_y Punt o(‘ Complex Ragrassion Oo..
'i_: _ ‘rioinnb of Yon X .
s p . SR : o ' :
o (Le11,3) Ox Sample Oain af Complex Regression Ovefficlent of ¥ on X
Q= Ja%ips .
. i [ ]
(k.11.4h) ¢);: Sample Phase of Complax Regx‘ession Coar‘t‘iotent

o(‘YonX

: (#, Arg (CHD)"

(h-.ll.'b‘)' Lé = Sampln Radlal Oomporawt of Complex Raegrossion
. - e C_o fiofont of ) on A

.Lmvxool ¢‘°+x51n (bo".:-'. , '_.ﬁ..!_«_zw‘.

(h.ll.&)' ["I‘r" Samplo Transvarso Component of Complex Regraasion
ooeffIcient of Y on X

) .9 '
'I‘r"A°°'4>o _A“"(bo‘
(Lelly7) Los Sanmle (‘nntorod Armplitude of Complox Regxresulon

Boaltlolont of ¥ on X

]
L™ J(x--d'c;i') +(-,%-rs;,f) ,
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{Lo11.8) o« SAmpluZCQntorod Polgg_kngla of Complex Regrassion -
o Qoaflislant of Y on X ‘ _

.; S ‘:, ,.9 . grggnuno)- ¢°-lArs l(%— 95f>+1(§¢ ﬂaf)l-r¢°'-

- 7. In the remaining sections of this 'ohnptex'- th.ldil-; S :.....&;«.,,.éwm
tribution functions of the random variables defined by (L.6), o ' e e

'”i.!;?,”.

Ll

(4.8), and (Lell) as well as many joint distributions ot

4K F 4T
s S VR
e

o

" theas random vnrinbln@ are dorived, An index of these ﬁiag

4

y ! tributlions ts given in Table Lo - .
% T o .
-\,_: L.2 Dimonsionless Random Variables,
:;:: In deriving the distributlion funotions listed ia
. } ;
i o Table I it 1s convenient to vork with dimenslonless or
:',;. relative random variables, 'rh_'uu,' defline and evaluate
e x,m X0, w-El ¢ 1 El gy st v
- 7.=-.Yl/c -21-14’1.!11-\1 +1;-7
e i Bl et S oy ¥ Yy v
N ' :
X ' |
W 'I’horx-nl ram_iom variebles L va, “YJ’_, y3 (to_r fixed §)
. are diastributed four-variate Caussian with mean (0,0,0,0)
3 :
"::' . and varlance-covariance matrix v where
K%Y : -
2 1 0 a P |
Cad 0 1 - «a
[‘ (hol’) Y =
) . a -f J
N p a o0 1],
o - )
:"..4 .
r-!. - 108 -
\..
.
s
,: o T T e e
L]

¥
'



x

et

| TBLE T
Index of Dlstribut;ionl -
© Jotnt Distribution of - Probability Density '
(4,8,8,0) .. (Loh3) with (Lokb)e |
(B,0,0) . (bu75) with (L.bL) and (L.1b).
.(A,€,D) 7 (a7b) with (hoh) and (LebYe g
Rl (A,B,D) © (La78) with (W.LL) and (BaW).
«5_: LB (L77) with (L.b) and (Lalb),
(A,B) T (BoL10) with thbuY. T
7Y o (h.l_n)'uith (bolk)e
f:' LA,y SR (4.112) with (L.Lb)s
o -~ (B,¢) C O (La13) with (L),
- R .  (Lel1h) with (L.LL),
(¢,0) . (4.215) with (L.4L).
O (hae) watk (k).
Sy (467 with (Lalb).
e S (4a79) with (L.L4) and (4.16).
(D). ' _.,.(h.72‘) with (L.Lb) and (h.rlb). -
(R, $) © 0 {1,118) wita (L.117) and (b.16) :\f:'.
m (L.119) with (4.117) and (4.16). %
u,‘a,z,m, (u.saj with (L,LL) and (4.16).
(A,a,;) _ ' (L.59) with (L.LL) end (L4.16).
(A,3,9) - (4,62) with (4.LL) and (L.16).
o -(Z.(b)' - (he55) with (L.16).
NG (4.60) with (L.16),
S o
o1 . ) . :
- : . , , 7 : ' . _Ruand_lillcodd_babmal
s
'\f.*.‘,q O VO S _ .
i
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($)

(AP, Z)

(F,2)
(-

(a,0,%)

tah)

¢y
(1)
(nRA'LTr)

'_KI?A

(D)

(L0

M

4(LR0'LIm)

(Lg,)
(Lyy)

2
LTARLE T (continued)
Joint' Distridution of Probability Density

(LaS8) with (L.16),
(4.,105) with (4,16) and (h hu\
(4.107) with (h 16).

(¢.108) wlth (h 16). .
(4.89) with (L.L4) and (4, IT)'
(4,E1) with (417},
(4.97) with (L,17),
| (4.104) with (L.16),
(4,83) with (4.17).
(4.84) with (L.17)e . s

(1.25) with (L.17)..

(- 273 wita (Le17).

(4.88) with (4.17).
(Le91) with (L.17).

(LWe92) with (4.17). -

(4,93) with (L.17).
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e :"“ Now, define and wvaluate

fﬁ3;'ﬂ _'“?. 2 : :‘iﬁ.xh.i) . ; £¥.:§ (u: sl w-dw i}"
AU R EEm g o e R
o o vk Ragevp e g
- coReRheel PRI e RL ol o

J -

- TRIRY
T T estd
d s ,

1 - . ) 0 U ‘ . ’ ‘
2n JZ (u‘1 VJH’1JV,J) ,+ 2n Jil(-vxjuydfux,’qul) . - R
¢+ 1D s o e

- - T %%

aa(é’;)'# {s;ﬂ%i. T R

: e ~ Tha !sint dlafribu;ion of {(a,b,c,d) 13 called a Unit Coznlex
_ Wishart distribution. '

d From (L.1%) and- (4.13)

o ghasa) Ea=Shan,

(Ga.15.2) —Eb'vgf--l,

f ' : I
(:.15.3) E(o + 14) » SE 120 u gy y3,
<« a
: , ST Oy
> Firally, define and ovaluuto

X | ' 'W.16 1) ! g (v 7 T ) = _s;ﬂ - (c) .
- . (\'ut . r 70 = 'z-ﬁ' Jtl \.xJuyJ | vavyJ oxa c c—o' »

. ‘ (3e16.2) d = éL Jfl(-fx,uyj * uvayJ) " 633; = p(gL) .
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N Cetivd
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l' . h

” L -

O -
o
N 160w TE R . Ry, P
> ( v ) r J; oxo,. Y R'S ’ . | ) .- .
WU T U (0a6ah) s Avg Lo + 1) = Arg (C + 1D) = ArgtEFAD) ' SATNN

Bl

o u-
_(Au._xe.s)A £ = = \x)/(;'i‘)- F/(;;) b o N R
S R O e e M) .

oo - o o g l."a ’ Lo .
N - uaen get ML C2Byehawiglyy 0 e
B P ) i - } p & . L. . ) A B
e - © and ,
ﬁ)
R 2

: . ) - o
v - (417.1) £poz 2w (21/(D) = L, /(5T) = al
. : x x
. ) [+]

o  ara) -I‘Im . 8 . R/izh = r;m/kgz)' - Ntnlx‘i;i ,

o (1171 g le3ia8 | S '"";/(gi) —o/gh =gy, i*
\ _(h.717.h')7 P - Arg(é +14) warg(B41D) 5 arglc Yy, o \
; Car ke bty Geenbe Dt/ e
R - o T
J = Lpg/(H. = g:o) . ok ,::’
. - o (4.17.6) X,rrg %cos P, - S sing, = (% cos¢-0 - % sin ¢o)/(;17 | 2
i S . , * *
s | B
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o “‘v1707) zc 5/% - u;"" (':" - p) a LO/(E‘:) ’

 (4.17.8) 0 = Arg (E-a) » (- pi) -y o

‘4,3 Remarks 6n Characteristic Punctions

~ The rollowing properties of chnrnctoriatio funotionlrr
are uaod in tho derivation of tho characteristic runotion ‘
~of the Complex w1=hurt distributiont
(a) If tho joint dIstribution of the rnndam

_varisbles X,,X; has the charactcriutic tunctlon ¢>(9.,62),1.o.

- 16,X, +10,X 13 x, 410
(L.18) Ee 2. ssL e M ZxadF(xl.xz) = P(o,,0,)

4
then, since
. ' 19.x,
(u.m) cb(el.o; -/ e YL L/ aF(xy,%;5)) ,
x
. 7’
the chnrncboristic runction of the distribution of x is
$le,,0).

(v) If Y, s X;4X, and ¥, = xl-xa, and \p (0,,9,)

"derotes the oharacteristic function of the Jjoint distributioh
of YI'YZ‘ then ' '

) | 10, (X,+X5)+10, (X, =X,) 100, +0,)X, +1(0, -0, )X, "
(4.20) Yo ,0,) aEe + 173 T2TLTZ g Ti2TTL IR

= § (0,+0,,5.-5,)
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- ~ S ceme Yaedan e ST e

& A -u.é,' .-

—yA

AN~ P

(e¢) 1Ir ¢ (@) der-tes the characterlistie . }i\’ ;f;-

furction or tho random varialls X, then S ' :"‘=.-'#-".“
(4.21) E oi{¥X)0 L g J1X(kO) 4§ (yq;

whers Ik denotas a conatant, 13 the characteriastie funstion

of the distribution of the random varlables kX,

b.k Determination of the Characteristis Funeticn of the
Unit Complex Wishart vsistribution :

- A FA A LR e b b B L R .
. " ' B -

B ARPENS -

Consiégr ;bll‘bIZ‘bl1'b1h'§22'b23'h2h'b33'b3h'bhh

. ‘defined by
T (s.22) . ,
i ) ) : n n n n
: e 5 u?

b b, 4= b, .= =
n® 5 Yy e Jfl“xjvxj- 13 321 Uity g 1y Jﬁl'uxjvyj'

© n n
- "22=J;‘1"_;3 K ba:“Jﬁl xtyy "2:.’121 _'"xj"n .
- B ' ' I?N’JEI “y_J ’ b3’{_3i1 Yyi¥yye
g | b= 3 v
? hb-J=1 Yvi .
3 ‘ . thero UgppesspVyy Bre as specified in (4.12). Thus,

1

byysbyps ey By, 8re distributed’ with a Wishart distri

bution and the characteristic function of this wWishart

distribution s
n

- n
(.23) oy = Ivl 1vid Ly e“ei“z ,

1 see Chapter XI of [19),
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o2 v v c] c) °
' S (L h) 1' _ I = , 7715" e lj.lif 1)‘3
(I -~ and v i3 glven by (4.13),
_ A cbmputation shows that '
o : (u.25)  |vl= o%= (1 -¢% , where
':j'_:' _— and that (when 0 < 8) .
L R R
gﬂ | ' : o 1
.::\ ) o -a Y
LY
A -p - -a
:1 - ) .
From the chax-acteri_s'tic function (I)(BU) of the
-$j~ Wishart distribution the characteristic function of the
:f Vjo‘int distributﬁ.on of (a,b,c,d) i3 obtalned as tullows: 7
o _ ‘ R SRR
T By applying oroperty.(b) of Sectlon 4.3, the characteristle .,3_
function of the transformed variables '
o : o
:\.:. (hl27)
N .
AN 3 = -
= Bl = b1y * b2 Bao = P11 - Y22
ii Bys 7 B33 * By By = P3y = By,
Byy = by3 ¥ by Bay = 13 - by
o Bay = b1y = b2y Byy = Pay * P2
} 4 912 = bla
= Bay = 3
N
S
E". - 115 =
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N V “Let (when 8 > 0)

@
o
X
3
@

u
3
= P -

SOCTIRI
- {4.31)

D
o
o
4
@

O - 0O =

= 2n 0

3 " Thus, from (41.26) and {(4.30) | |
: ’ ‘ 1, ) ’ ' " '
(2-10]) O (-a-10)) (-B-10))

N

o L 0!0.,0,0,) =08 _ o -
o RANE al 0 (1-19))  Be10)  (=a-20)|

(-a-161)  (p+te))  (1-10p) 0

e " la T

N R LS B . .
b o , (-p-184) (-a-10,) 0 {1-19,)
(L. 32) '

i G

-1, ""l

e %

n ' ' y 2 1.8 =0
o 8 {(l-ion)(l-ieb)- (atioc) «(f+16,) )

d

PR IR

. ' 1 . a | 0 . ] a -n
- | (1_57(0‘+9b+uo°+,.9d) - I:;; (he‘eb-.eo-ed) ] .

)

R

Prom (L,22) st te ea:ily'vafirled that the mean and variante
NS " covarlsnce ra*rix of the Joint distribution cof (a,b,c,d) are

- " respectively

(L.33) (uamb.uc.ud) = (laloalp)

-_'. ] S =2 ) . -
[ Faaa %b %a¢ %ad 1 v a B

S _ %b %e bd 1 a p

—
=
W
p

u
S

ce =d $(1va®-p®) @p
S44 $(1-a®+p?)
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. . Let {wtem § >0) - -

. 5_.'__-- ba
. s R IR
8 = nd
(4.35) o
- s 8 "..Zn°
S

d 8 = 2n d

80 that tke charéctériaz;c funetion of the joint distribution

Cof ajbyeid’ s ' i |
: . m S : s ' A e

. , LI | ] B ] . : v

(b1 YMe,0,,00,9,) = 0 [(1-10,)(1-18, )-(ar185) ~(pesy) )

Since a.bc.d  are prezertlional to a,b,c,d respectively,.
the characteristic funct®zz of tha Unit Cee:plex Wishart dis-

tributio; cen be considerad as glven by (4.36),

4.5 Ta%er-iratlion of *wa Fuol ab*li v Tansity Funetion ot ' ff“‘
L otre Lntt Conclex wlssapt Distribuction

Tue protability dezsity functifon p(a'blo'd') of the

561n£ dlstritution ¢ (a:b:gzd')1 is naw'¢o£1vod.1 The

Fourie» transform forxulte tsed in this dsarivation (and 4n - A
the derivations that fellcw) are listed In Table II at the o
o 7 o

end of thls crapter, Q
The motation ermployed iz tils section and {n subsequent

sactions doe:r not diastins:len tetwesn randsns variables ard

the varis:les in the pretazility density Zunstion for the

random vs:'a losa. Such & zstatlon very si-zly identitles the

Sandex varlztles wilith thel> protabllicey detsiuy functicn

and since rany ‘sao Teble I, srotadility Jansis functio*a

are dexlved, such ease of Lientiffcatlan !s Lrpﬂrtart Had

1t besn r:rssitle, rarndcrm varlatlas would Rave bteen printe_

{n boldfaze tyrse; howavar eves though $his Tas rot btoan dzons

1t 18 veuslly clear from t:e coatsxt whlch variables are

yandnn vairladles,
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.
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™= p"obabilltv density "Lunction : p(a b e d ) of che
'Jo.mt d'strlt:ution of (a b ¢, d )) ﬁs the inveraa Fourlot‘

' tra..-,ora ot‘ W(a G .9 [T

d‘ »”

. . cL . . | I B | L 'l 1 L] l-.

o L o ~1{a 9_+b O +6 8 +a 0,)

(4.37) plasbe,d') o —=Lr /iy 0 8 P 0 A
S R emt e

R Vo
-~\P(Gn,eb,oc,od)deadebdeoded
._Exp::r.er.".al, Fourler transrorma oL whe t:,pe listed in Tnblo II,

'in ens or several variables, arm P’ mp;y denptqd by T, 8o

‘that for example oquation (L.37)) “La written as
.("3 ) p(a bie, a'y =7 l((eu,am,ac,o ) .

Fi*om (4.’3) (L, 36) and Table IIL ((2)

. ' n ! NI ) ' . a .
(4a39) playbye,a’) = & o9 P mr(1ig0]) (1-16))46) oy 170

n

' "
A sm o
= 8 °(1° bt [ G

l_(1-1%) (1-1ea+ ————]

By using Tablo IT (4)

\ b" ce +,.~i‘ ‘ a-} !
(4 W) ! a,~,c aty (s

r(n) P
ec +9
| (1-10,) 6™ NSt 5]

i}

-~ TINEE
i e, B +0, ..n]

'
v-. By Ad -
V‘ L1
.- h.'u . " .
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T(l-16
n-2 -{b -
+d

2
s

- «d

3
D
n-Z

}

[] -(c
.
12 8
[+4
1rp' o8
otherwise ,
;ai'-
: ‘bt

‘2
b-a

£ la
otherviie.

(b
(4a'

Bler (nir {n-1)

ac +5d -&

Eng R S akn

<
-
e

1
b _1
T (o<1}

'

(n,)n-Z

:!Eﬂ??f

+d

110
(b.i2) T(1ete, )-2*1e f )

g d &
8°
wr{n)
3
(2]

]

d') =
¢’y =

I'E

From (ke35) and (L1k)

'

p(s,b,c,
t

sbsC,

pls

{L.ll}

(b.k3)

L N
Since &,%,c,d are proportionsl to a,b,s,d resrectively, one may consider
{£.41) as the probability density function of the Unit Complex Wishart

By using Tabls II (3) lnd Table IIX (Ix}
On sulstituting (L.k2) fn (k.k1l) and linplifying

By using Table II (5)

dtstpibatich,
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‘The Unit Comp)oa. Wishart dlstrlbuhion in the perfeatly

coherent cun, 1.0, in ’ho ouo vhen Y ‘'w 1 requires _' ’

- LCARn

special diacuuion. In the perfeccly sohersnt caae

-~
-

(L,4%) . a = cos i()ro , P = .i«"-¢d .

4o that the variance.oovariance matrix v of the four

::'5 . : : o - : _

F-.‘( vc_rhte_cn_uu.!_.m rngdon u_lr.iabl..o (uxJ‘.va,u”,v”) booo;nu

) . . . .
' ! 0 ‘ ooe'f\o ain :bo T :

?,\‘; Q b § -l1n¢o cos ?O

v‘. - g

.‘\ (b.u6) \ AR ¢ 1 ‘P 1 . o

e . cos -ain

W AAS 0 , .

i ““4’() "~ o008 950 -0 1

N . a -

My The matrix v 18 of rank two, md it is eusily verifio*

AN - .

Iy

:’,., ‘ that the corrolutlog betwoen “N and uxjcoo ﬁo-v”ain #0

{s unity, and that the corrslaticn between A

And_ u”un¢°

+vacm ’f) 0 ia unlt'y. T}?ul,
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iy waibdwen u

c .

S uy'.1 .' ooy'v)bo _..—-un .'bo_ xJ : o
Rt LA M B '51'¢}" oos fig | © (with prob
o : _ n .. ocoa v (w obe-.
S v ro N 0] L= nbil;gy one),

Thus, ih'the'_notn'tion@t'lh.l-?)-_." o
Tty
. : . 0 T
Yy u”}:iv” - o‘_ Xy

© Thus, from (U.1L) snd (4.46) o

:ri'r'n'.ot
o . ) ,‘é-'-‘.r":],xi 3
. 1 n '“ )
“Joh9) Y = n J:ly'jyj = a
1 Do 1#’0-

6 4+ 14 Ix o a
R R .' 2n Jsl_J?JV-; : .; . o

50 that ths Unit Complex Wishart distribution s degenerate

“In the porrocﬁlyroohofont cass, It is oaaflyrapon thgﬁ

2na s distributed x,! . Furtharmore, -

b-.a,o-acos'ﬁo,'d-aaintpo;

o?ea® _ 1 = Jo?+d?

ab R P

- fo

4e7 Prohadbilit Dohsit; Funetlons of Dlstributions Relatsd
to the Complax Wishart stribution
LTl plagbied)

From (L,16.4),(L.16.6) and (4.35)

(with probability ong,{
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- "By using tho "rﬂ.io test ind thiuj}nototio formula qu;' tho
Gamma "&nction I‘(x) =jen o -x x-? one verifies that the

Vrnx'ha in (h 55) oannrgu l‘or lyz ooa(¢ ¢° l <1l

S ha7e3 219—1' _
' ' h-cm (4. 55) and txe dorinition of the 1ncomploto botm
nmction (uo TAblo IIX (l) at end of ohnptor)

_ 'z .
'(’*-56-} S P(bé)d: . .
e n o N zk‘lryki"(x-e%-)' e
& ' k ; k :
- z B a(=+1,n-1) - .
nl (n} T (=e2) dmd l"(k+1) : _"{ gt oof (-‘# ‘P,O) >

'By Jefinition of the tats function ['aeo Table III (2)]
(k. 57} k L3es( : r‘(-r-o-l) r(n.1)

«57 iinm B a 1n--“s‘5 LAY n-l)= 8

B ! LA 4 T (2-*_11_)_ :

'Ihul, _ L
of o Zk'lYk l‘(n+§) r (1+2-)
nl (n)xr-r:) r (k+1)

(L. sa} p(é) -

(¢ c,bo.

*  The serfes In (4,58) cczrerges for | Y cos( ‘1’ ?So | < l'

Ue7.4 :',n:b.z!- _ , _ ,
" Ey integrating (L.52) on ® [ses Table IIT (1)}

. , ) m ’ T ] V
(Le59)  2(a,0)z)= —;—?9_7—1) (a's' )M 1e(2.28)"20% 0 x (2rzfa’y)
’ nj s (Ne ' : .
.. ' i t o
T (RSP LA P P PLAL L

Mn) &(n-1) o 2%
v 1 —Y (a'b )k 2k
k=0 I'"(k+1)
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'(u.bo) () oy f 2% Za)d@'db"_
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S | & rYneu) 2k
.“ l ' . n - L3 f

:;:A _ . - 29 (1 t.)n 29 v neu) o
<a

Fron (u.’;a)'

l‘(nu'(u-l) _Vk.ro rikel) - o

5

ML RPN (g ge -2 1%‘1‘“ ,
Wl"(n)l'(n-l) . oL kw0 .

gf‘,'whorch-ro t- 2c‘b\’°°¢ (?) ‘Po’ °-“ : e

C e plaby vep) =

N | Thus, Ly integrating (h.él) ea s Csee Tadble III (311
-~'~ . . ’ [} 0o zk-l‘(kr(rl) . . % k -

S (k2 paie 8 —ﬁ— (' yeelges o' (a"2")% 08 0 -$3)
. - | (n) . . k=Q l.u‘(m;-) '

iy o A
"-:7 . Le747 Eu ) ‘
f_ e - Yrom (h 32)

4

(u 63) (i)(a ), 4)(9‘,0 0,00 = {1 - Lo, )'“

| Thus, by Table IX (L)

n-l -na

| p(al = 7 (1. do)® w B80T ror 420
C(habk) S L
‘ : ' « 0 for a < 0.

Thus, 2na  ts distrivuted X, , .o, with probdability density
‘function ‘ -
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}ﬁ;}.s R S 89 that’

A ey p(b) = BB e for a0
o - 0 - ; - for a <0,
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o o wre e
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o B | ac"y_* 0o} T T
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SO " Peom (5,073 ana (h.lS) s
!fot '.Jaw) e JZAsu-¢ J'f-?fsu5¢ﬂ

Eﬁ-‘ P i, L '?hul, frox (4. 75) 7

o 1 - .

?:: o ,(:..3-3) p(t.e.¢) . 5:(-9—()—)5 exp [-a [1 2‘(5 C"SW ‘I’o)*B ]
" R S .' , nT(n :

. The condltian Y" 1 inaurss that [l-ayg cos(¢ ¢b)+g 1 >0

Y,

-
L]

]
-d

L]

’r-r L ¢ < 2« ,7 0 < g < oo'. 7 o B L

RRTS ;13.4*!".,'5"' -

i
[ 1ad

-

Pram (h.So), by lntenratlng on a faee Tnbla III (7)’

de ) 'r( ’ ) n 6 K
( 3 . g ¢ [1~ef8 c°=(¢ ¢0)+8 ]n+l

o b AL IS

-

.' d.T. 17 P(!p‘l X-n-, .
' Fron (L, 17.3), (h 17 u), ™ 17 5), and (u 17. 6)

-' ‘--. &

LN YT

3
L
-,

-lh;ﬁél (~ =z cos(¢ ¢3' . Tr =g uin(¢ # )

Ttus, from (4.31)

L L ah '
h.h‘ » = n 6 . = .
( Va;l P(!g; Irr’ "(5*(33.“Y).' I;r]nf;,

R - WIPAPLISIRAPaEe W

LY

8.7.18  pldR,)

v_\"‘_'_\ ’

3y integrating on frr -in (4,83) (ss0 Table III (d)]
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8L AL
.‘h" ud p(fn.) Jﬁp(n)[e+(fk.-f) 1"+’

| | B | b 719 p(fT,) _
'3*f; ; I —_— By intogrnting on ”R.‘ in. (h 83) (ﬂoe Table III (8)]

2 7 o 8 °r (ned)
P ‘ . B . '.'

i L (4-85) p(XT,)‘ Jﬁr‘“)‘°*£' 3"+* : BN

. :T' A o : 4 - : @ gy

R A X A B e e 2

2 | Prom  (La17.5), (L.17. 6) (4.17.7) and (4.10.5) | AR
NPT | . OO0 RO A
L. . ) S - . B A S

“ R o ) V,YRQ -f - vz‘ cc1 ° : A ",'" -

.- (4486} 0 e T
: ' ' Loe = g, sine

§ T Taus, from (4.83)
o

23 - | =L

{ hoa » 3

‘_‘, - ) ( 71 p(gc.e) ﬂto + Xolnﬁ-;
. h;?;21 ptf,)

~ e

sy'i“tograting on © in (4.87).

. o - 2nd :
kB : (4.88) p(f) ’1“{0 . , o

? o ) Furtbormoro,

b . - - gl T s -n
N 8 (R = pUal, = 1ttt T
¢ : L o .

-h07022 p(!R.DXIm’
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e R From (h17.0), (a7, a) (b, 17.1) (L.16.4) -
i\ _.‘.-:_ coe (lt 90’ !R = 8(:0.0# . XIm'uga:n#

S T . k'7- Thus, from (b 1)

e ‘hﬂgli, anerdint = o Ty ) R s)*J“'l '

;3:?":  :" o 7.2y p(?§;> | |

f;.;?_: R . By intesntins on_ 21 in ':.9‘) (see Table III (8))"
NS

,: . - | (b +92) p(a?ae) ‘T (:)J(c(:‘;;;’.as‘l"*] .

_.r_-, | O urea AL I | o |
-.(:' e By integzracing on i’,{, in (*Q.;;) (560 Tablo Iry (‘B')l
= - (.

/ . ) n. |
~ o (La92) ptf ) = 5T (n+d) ‘
' o _XIN ) Fr(n)lﬂ«t('?h_p)l]n—}

o
,:;.‘_{ E In (4.81) let
4 .\.-. : - V

' . , (Lo9%)  u = tan (i;—;—ﬁ—-o-)

8o that

(4499) coa(':)_'ftc) - 1‘“: d((b '#)O} = idu .
.. ' . .

lsu u?

and therefors
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ﬁh;97) p(g) =

¢°+w .

B | e e gie®)® e
: «96Y w2/ d¢ = —_— ~
Ak 9 .,’-‘ P(s! _ { p(8'¢’ ¢ N 'C{ n[(l-zrgyg’)f(lmrmg’)u

. Q

Thus, [see Table ITI (9)]
‘ 2n8" s ,
n(1-2¢gsg?) " (1e2vgeg”)¥ -

. ‘: K+ Fi-k 4+ ,1-2:543')‘“

R k=0 [(k+1)T(n-kel) 1e2fgeg®
hgc :' -
(1.99) o = -YooalP-by) o -
Then, (h.8_1) can te oxpressed in It.ho‘ form
, n
(1.99) plg,P) = né g _.
L 'é . wil-l"+(g+l)’]“_+1.
o » ::6"(5-&) ._ ndns' : '.‘
B » ﬂ(l-s'v(g+e)=]n+1 w[lfa’+(g+s)’]n*1_'
Thua, : ' . o
L T e
(4,200) p(p) = [ vle,$ )4
- 9_2 - 7? no s dan .
2n K] wfl-a’a-(g-r-s)'lnfl_ :
Now iot _
(L.201) g+ = (1-:')* tan v 7.
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i SO
I"{-‘lj'l - : ' ] . 1 ‘.\*“\- ™
I - © . Thus,.
:*f_ oo noa L oA an, ..
;Rz; . .(5.102,_ / '"§< a dg — - 18's con vng% = )
e L _ 0 n{l-s"+(ges)?) ave sin o n{l.e”)?78 - -
A . where <hw g arc sins g dv .
o  Prom Table III (10) ‘ .
t - (4,203) c0sely dy -Mt t Ba(d,ned)
e L . are ein s - arthal) :
- wkoere B.a(. ) denotes the Incomplete Beta funetion [loo.
ﬂ;j"-‘ © ... Table III (1)), ard the plus aign applles if & <0 ‘and
g - " the minus sign applies if & >0, L
i:f' - © Thus, B o '. | _
pw N ., am . .= - o
g (borol) p(§) = & o —no e DNCNE) g (4, nep))
.ﬁh- E : 2m  2n(1-e®)TT - p(asl) ' -
j&j "‘,  “whers s w i?‘ool(¢-¢o), B.-(,) denotes thoiIncomptho-
O o . Bet: fuiotlon [ses Table III (1)}, the plus sign tppliea 1f
:,, S : H) -¢-°| < 47, and the ninus sign applies if jv < |¢- ¢0| <w o,
“‘—,

S . ker plalte) S
T * From (4.16.5),(L.35), and (4.59)

.(h.IOS) p(.:',:)

e NS ;
LAANAAAS

- 207 (l'lan'lfn'lz(l;z'$n°2o".(l+t)I (Zan'/?)
r'(n)r(a-1) _ o » 0 | .

uU.7.,28 p(e.x)

From (4.105) and Table III (3)
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e S e f‘if _) p(‘ ' )_ kw0 f‘(nrr(nal)(kl)' '

L '; Choe o el 2ol ) e, --(1or7
Sh e . SRY (1=g®)
A ‘?hun by mhsuting oa s\ in (h.106)

3 an‘ . . i

'.(hf}?7{ rv§ff?) " s ?(“1r(“'1)‘3').' (l-t)

: ._'--.z. 7 29 u_)
S From (4. 107) 34 integrnbing on :[ ses Table III(")‘l
r(2n+1\()12k°ﬂ . rh+k-1 . - 7 .
kso FaIrteed)r oomt (1+r)2"‘2k e

gb.xos) (r)

“7 u..in., t‘w rntlc t-st cne entthinheu that the aerloa tm

.: - (,.-‘.3) ccnve-g-s for £ - < =1 , L.e, for 0 < £ <o n_‘r_ '
W (1+0)% - uy? T
:'..j' 7 <1,

B.7.30 pluib) o
EEE P‘rou (h.59) hy integutlng on zlau Table IIr (2)]]

zé

JTEE
2%

6“ -I -b z 2)((. h-)_k*n-l .
F(n) kw0 T (k+1_)r(km)

Ly

Waen) IR )

" Prox r.ulofzrx (11)

P } _ |
O - A &(n 1) o'y : :
S 4.110) plaib') (‘ b)) : (2xfab') .
?j ( , ’ p..l b ‘ r“"“r(n) . e L
- b plage)
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(h nn p(u.a ) = ﬁ;?;-?)-;— f'?“”"”‘ *ae ~ af-;-) .

ey 7 32 9( 4’y . |
Prom (h ‘HA! by 1ntegrnins on © (su Tuble 131 \1‘!)] _

'(h.nal ::h;d ) - ﬂ"—l-—oxp[(c'an;\pd' - 9—.—;-] .
o zﬁ?r(.n) oL

ho?e" I!!b.o , _ ,
' P‘x‘m (U.?S) hJ‘ Jntebnt‘ng on d \‘aoe Tub‘ s anl
. - 3 . o :
'8 .
(h 113) (b = -2—___L-__ P [( 'ul)b ¢“c e 21,
, P °) forl‘(n) : PP ,ﬁ—f _

'.‘h73h pﬁh.) o .
. : Prom (4 75) by intogra§1n3 on o [1oo Table IIZ anl

o
7»(& L14) pibyd') = E'?ﬁﬁiﬁ}" expl(a®-1)0'+pa’= $prl o

-'h 7.35 2!0.6 ) . S R .
o P‘rom (h 7h) ty 1ntog“utin5 on a (lao 'I\blo 11 (12),(1&)} )

. . g sd L - -. - - )
(L. 11.5) p(c N ) . ‘fg‘;r-‘g‘(‘) \0‘.4- u)i(\ D“ﬁ.],('f“:’d 3) .
S« rr(n i .

ke7e 36
Lot
C (ha16) x' - o'. ',

05> that from (4.16.9),(4.16,4), and (h.35)
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'Thus, rrcm (b 115)

_'(b ne) p(r 95)

. “hll‘)) p(!‘ - -—-—-1-—(——’- IO(TX‘ ‘(!‘ )n Kn 1(!‘ 1.

-'(h':.ll'ﬂ e'_' w'r' cos§ '_=' r' ,‘sihf 3 and *",5,'?.' 2'.“'_‘ .

an YT cos(¢ ¢°
2" _I‘(n),

( " x (e

k. 7.37 ﬂ_)

P‘rom (4 ne), by 1nta°rating on ¢ [seo Table xn (3)1

.

4.8 ° Simultaneous Confidarce Statamants for the Sample

Con—.ple: Regression Coefficlent of Y onﬁx.

P‘rom (san md ).’ig. (L) one is justiried ir drawing
mg.,(S). (In Fig. (s), ef, <n. ' '
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! fneomplate beta : R ol el
(1) { Inoomplate beta function B.(piq) =/ tPo(1-1)9"2ag -
, T — : 0 e -
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This definition of the Llncomplets bets funcilon is the one
glven in (4], In mathematical statistics it 1s customary to

K refer to the functlon Ix(p'q’ v Bx(p,q)/al(p,q) as the
. Incomplete beta function,
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D R D (12)f ‘Modifled Bessel function of the third kird
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sin v .

;-_‘."?-:_ C " land Kn(z) - lim K, (z) - for intpg@r n .
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5 o Irtroduobion

In ehin ohnpbor 1t 1a shown how the reuultn or cho

provious chaptcr- may bo uuod to discuss the sampling vari-

ubiliey of oatimacora ror tho upoctrnl. cocpaobral, and |
7 quadrnturp:spoqtral donsibies of a two-dimenaionul.ubution-
'ar.y (zero mean) Oauu’.lm'vecto‘r process, The roapons‘o _’or [
“ltnear t!mnrinvariimt nystem to rnﬁdom inputs is ahudicd, md.

IL 18 shown how cortnln functions of thu apeot.x'ul. ooapoctrll,

“and quadraturc apnotral densitlea of mouured J.nput output '

el records are related to the frequenoy response x‘unccion of the
z*' ' 7 ’ syatem. extraneous inputs to the system, nnd arrors 1n mea- - 7
n ' suring input end outputy. It isthen indicated how the sempling
O . .
t}. : T vnrinbllity or oatimutors ror theno runctions ‘can bo disoulaod
[T -

N - by meana or tho ruulu of Chlphr h-

l‘.: - ' ' _. : ..

5.1 The Joint Diu»ribution of Eutimators for the Spootrnl.

il Cospectral, nnd Quadraturs Spootval Denniﬂas.

At \he end of Seotion 3.7 1k was indicated that the

O

k- $15

Joinf diatridbution of"(n,b.o,d)rnzth appropriate parameters

a,f,n approximates the Jolnt distribution cf the relative or
E,-S dinenaionloos -ul.lmntors for the spaotra, Juspegtum, md
:::, ' quadrature spoc trum '
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In Ohaptnr u Lhn probability donaity runotion ot the Joinc

‘dlstribution of (n,b 0,d) and the probablility énnsity runutlonl
ol many related distributions were dorived. In ordor to apply

theae results to tho Joine distribution of oaflmntors for the .

apaotrn, ooapoctrun, and quadruburo apeatrum {t is ncooanary
to dotsrmlno the “aanetera Sa,p, n. A dluoussion on how the
parametora ,p, onrn be dctormined ia px‘uuor.buu mu::w.
On the aasumption that (5.1) 1s distributed as 15

(u,b,0,d) L.e. with a Unit Complox Wishart dlstribution it

rollowa rrom (Y JJ) that

pe, éa;;
g m;ag) “'.

o thit‘rrom (h.}k)_

{5.3) :
_S 3_ T, <ma°1
(l‘) o \\‘ . V‘p(a“ ) "= n,
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| (5.#),oont1nu§&_'

(sd)  Vo4(0) s i ca)an),
N S R SR SN IVTELICVERLIN) FO
'Ih&é; rrqﬁ (3.23) . (3.38)-¢n the sssumsticn ‘&at't;{zi;

fy(k),'é(x). alx) ars approxinately constant ove~ the widths

of the tilters B{t1a), 310y, By, p‘(if)(u

o3
i1

L ' x . o
arx(x(”)g P{”(x)dx.

’ ! ' ’ (D) X .ln\,' '
15520 £ w ary(x(—'){) B e,

- | .. |
S s B e 2t B ooa,

S C oy x (1)
(5.50) B8 w 2 3 o,
and

(5.h)
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' .(5.6') oohﬁ_inug:ﬁ

( a>b)7'00\_l(aq”L ,-%,ﬁ-)) s-:’_—,g—}f

(ad) Cov(Qa ,t..%)x Z‘ETLI

(ac) Cov(Q .C\"

Wy "

(X“))q(k“))/ ?‘”(x)v“’(x)dx.
(bb) Vzr(qp )m—,ﬁl- £ (x(“) f( f,“(x) ) ‘o,

(bc)Cdv(:aL.-a_ﬂ,“ o wl--I r (x(”)c(x(“) £ ?{,“(x)ﬁ‘“(x)dx

o S a8 1) (. |
(ba) f;(.v(¢éi.uc\:;).z2-‘f"q e, (alt)qna bt / B 0Bl o,

{ew) Var(QYi)z I.'”FL':*"I[ I‘x(.f\(15!‘),().‘(““0.()‘“))
L
SRS VAT SV

N oa N TN C BTN S S W SR STINTIEY
Ced) cov(d LG v =ty e ot 20 B et G,

.;_',-N.'*!‘ KRATAIN .’ -“‘-..‘-..‘ -x.f' “

.A: . ‘ n. - ' . .
tosa yuqma 0 2 0t e, -

1= gy S0 e ) £ B G0t Goan

’ -
o v -
. e

L
1 4
"

o 18

‘_\ '.)' - \.\ R _“- ) _'-.,.'v'_:... .;'._,'\(“,'-c' .I' -1..‘:.,.\-:, -1. .




Ty " g " e 'R
W S L. ‘l'\. DURN
N n‘-" W I“\.
‘\"\ v e A st o St
1 . o
N , . '
' £ Ay,
PTG
) I A
.l Y 3

! '
TR L

LI .
LA

| 15.6) continued

.(‘.m)._V‘!‘(abi)ﬁ'%[-rx(k(1))x9y(\(i)“q.(.x(i'.‘)
'-'o'(x‘”)] AT ICIN )-d;’
. o ¢

. whcrb'k(x) donot;i the rroduunoj at whioh the riltorllﬁil)(x),

| ;éi)(iit 5&*?(1).,?31’(x) are aentered,

..Edunb&onn (5.2). (5.3), (5.4), (5.8) and (5.6) indlgutorhow'tho'
paramaters a,pf,n oan be determined. From (S5.2) nnd;(S.S).

3
-
Ry

(5.1) amome2dh) g a0l
S NEL 1) 1 1)
frx( i\ )l‘y(k( ) /rx(\( ’)ry(x( )

-
. %I 4
P )

e e

o -

. L,
. - e

. " I

If sufflelent a priori Inforiation about (1), fy(l). s(r),

Q(A) i available it may Lo posulole to determine a,p from

(5.7). Suoch informatfon will rarely be avnilable, however,

A AL

it is thus suggeated Shat a,p be taken re-pesctively as

a“fi | &°1- '
n*‘juw-rsm- » B F‘;r-—--— '
a“i %1 _ a“i 6"1
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" are defined) it can be shown that for m

‘80 th;t J: is arall compared to é ’

(5.10.1) /
)

.o, th&t a,8 he tlken an oqull to thoir sample vnluc-.-

If tha ideal filters givon by (3.4&) and (3 26) were

-nttninnhlo. then rrom asch of the ten oases of (5.3) uvaing

(S5.8) and (5.6) it would follow that

(5'.9)' anm (zml)

For the polynomisl filters of 3ection 3.b (where Ko and Ky
suffiolently large

-m

L n - N . T '
&(1)41;*-;_—5(?(0_*21{1)"2;5. o

(5.10.2) éﬂ B BB e m B (xg + 27D

u;v - .‘b.o,d: 1 = 2,3,00e,m=2,

Thus, from each of the coh cages of (5.3) using (5.5) and (5.6)

(5.11) 2n(1) o 1 2M+1
’ +*

| | ~p B
Kc “l p

for I = 2'30-005m"2.
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'The aauumpbiona on whioh (5 11) ‘was obtnined uro

(1) the densitles €, (x). r (x). eln), q(x) are approximntoly

oonatunt over the widthas of the riltoru.
(2) amMn ts surriciontly large that the Fajbr kornol

<2M+1(x )} aots -fxeccivaly nu a Selta’ function ~5nto,od at 1 -0.

(3) m uufrioiontly 1argo (~— smsll compared to l Yo

That condiflon (1) above s satiafied can often be established
from a priorl knowledgws of £_ (n), r (), e(n), alr), -Thua, when
the conditions (l). (2), (3) are sctiariod and tho filters of
Bootiop 3.6.aro uaad, it 1i» uuggoatod that n. bo detormined from

(5.11)s When condltlon (1) 18 not zntisfind, the deturmiaation
of an appropriate n bo use in the Complox Wishart diutribu*ioﬂ,

becomes difficult., If condition (1) is not too flagrantly vio~

lated it 13 ouggeated that n(i). n&t). .;.. ngg), be computed

from (5 3) using (3.23), (3. 38), {3.40) and that n(l) be taken

as the minimum of the n(i), (1) ;.., n(é’ 8o determined.

}{f.j 7 When the dapaitlea r.(x), ry(x), e{x)s q(r) vary greatiy over
T " the widths of ths fllters, the use of the Complex ‘Wishart dis=
E!g ) ’ tribution 18 no longer Jjustified bv the argument of Section 3.7.
$;ﬂ In such casas Lt may bo possible (from a priord knowledge of

S : ' .

§:j : £.(0), £.(2), e(N), q(X), to tran..orm (x,,¥,]) tnto [ijkl

o : : -

by & linear transformetion of the form



Nhero K(1) denotea tho 1mpulse roaponse :znct.on or the sysuem

tnd L . denotes tho llnear oporator expressud on tho -ight hnnd
side or (5.13) ' | ' L o

The expene:t:als ‘113 apb'bigonrungtiénéfpf thetop;r(tbg3‘L .

_ and

G5k Lo gaataE, T
whofib'ﬁ s

'@~5°15’ k’m . um + mu -/ x(‘:) - ’“d‘;,‘

The func len X(X) is ...al odt-i‘*é“f:'re:;:e:;:? :esponae"'"“’ctionb'.
or the t'-a::.sfer runc"lon or the ‘aystem % and éhz&a terizes '
the syate...,,’ From (5. 14) one’ obser"‘s t...a" 0( \) esaent‘al.Ly
gives the vutput of . "ha aystem L to s s-.u..soidal input o.f |

rreque ¢y X. A simpla corrpuuation shous :::at .
(5.16) L sin At = y(A)sinat + v(A)cos 2T = fu¥+v? sinl ;+¢(1)']

. where ] :f.’(x) = ;\la(l) + .,E(k) ei‘é (‘A) _.

Alen, by zgklng Fourler trenzfor—g fn 'z 510
< 7 . 0.
o 17 B ‘:“_,\)
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- X{1) -,f? x(1)o“111d1 and Y(X) = y(T)o
L e . . p CE :’“.

-1}1d1‘ =

Thc dotermination of the frequency responsa runction X(l)

‘:;or (¥ aystcm ia of-considerablo practieal 1ntareau. Huch atta1
u:tion hta baen davotod to the problem of oxperimenha;;y datarg»
. :min1ng tze frequency responso runction of a syatem and several
i‘rnthods Eave beon omployed.4 Tho methods cuatomsrily employed
 fdirror essontially 1n the’ choico of .&e input excitation uued.

Tha classical method 1s. suggeatad by (5. 16). If the ayatem

L is 81’ ectod to a sinusoidal input of fraquency 1 tho

resultan- cutput ia slso sinusoidal of rrequency A tut possibly

of dirfe rent amplitude and phase.' The ‘amplitude yu? (k)+v A)

'am‘ pkaaa ¢(l) determine X(X)._ Thus, the value of the 1requency_ '.
‘rosponso ‘unction X(x) at rroquencylis determined by measuring |
 tho amp;i*uoe and phase or the output which results from a sin-
:nsoidal input or fr oquency Xe The runction (l) 13 exnlorod

- by lott'vg S vary through a set of frequencies 1 11, ;.., Xn."

A :e:ond mothod 4s surgested by (s. 13) and (5 15). Ir _
the system L 1s subjected to a unit-impulse input (1.0;.idea1;;’.i
xit) = 2is) -he-e 5(5) denoctes t&e Dirac delta function ) then
as 1s sssn rom (5. 13) the output ia y(t) = K(t). Thus, if

the ontz:z “eshltinb from & unit-impulse 1nput is measured, the

" frequen:z-lzzhansa Sinctlion X(i) 13 caleculated by using {5.15).

~~~t Available Copy



A third rethod (khlch *ﬂcludes t\o fi*it‘two a# special

 .,cAses) ia‘gusbested by (5. 17).y Ir y(t) deao*es “*o output
ji*es ting frc: an arbltrary in:ut t(t) (ro~ ahich a Fourler

‘trgnsiorm ox-a ) then the equeqcy respcnso -u“ction X(X}A..

| 1: ca_..culatad by uaing (5.17) p”ovided t‘m: *c(x; fr o. .

In the praceuing discussion of the th*ee re.nods no teﬂ-'

__t‘on is made or dirflculties unat.may be enco“ntered in

at ennting to -ploy the methods. Such di ficultiea nre'i ;j.-l

;'(i) difrlculties in excitins the systan by the .. :"'”

'.desired input or’ inputs o
o (Z)fexistence of extraneous u:ise 1nhnts to‘the'.
‘ ‘{§,18)'5 };' system which are not neasured. } L
B ‘v":(Silarfcfﬁ in mes'urins ‘the 1“,ut and output

(E}f Nputation-l cu.tiea.

In tha apnlicationa or t“a met hods c;scussed.a“ove cow-
sidaration *: Lsna’ly directed pel ~1f-1 cultlies (3.18.1) and
{5 .-8 h) and the partioular retzod éﬂﬁlO“»d in 8 gi#&n 8it=-
wation roflect; the results of such conaﬁdnrat.cn. When tho.
srrors and et:raﬁaau}_boiaa e amall,di”‘ tles (5. 18 2}

- and (5.15.3) are is*orod but wnen the errors and oxiransous

-

nciss earea no longer sansidbly re51 £ible the =ms+thcds becone

ina2pllicable as no means cf ellirinating cr asssesaing the eflect
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the frequency response runeblop whick 4n certain cases circume-
vents.theae diffizulties to some eeg:um is euggeeted by Y.W.Leoe
in [9]. The nethod eaeenﬁielly 1nvomwes subjecting the syetem
L to a randonm noiae input,meesuring uhe input and output, and
' fron tho meaeured tnput—output recur& mdetermining“ the input
_spectrel density end the cross-spectrwl density between input
"and output,. Under suiteble.eseump;imas_(input_meesured without
error, lnpﬁt 1ncoherent'with‘extrenemms noise) the ratio‘or ﬁhe
cross-specural density to the 1nput 1goctra1 density gives the
xrequeﬁcy response funetlon ot the ay;wem. Lee[ 9] eseentially
assures that' the coveriance functions mnd spevtral densities
required to. deoermine the rrequency'nnwpouwe function. a"e known‘
exactly {or equivalently that an inr¥mite sample record 1is evail-
'able). A quantitative besis for appﬂyﬂng the method with: only
Q rinlte sample record of input end meuﬁut and when errors in
the measured input exlst is not prodeed. ouch a quantitative
basis can be provided by recognizing mhe problem as one of the
Joint estiratlon of the spectral, counectral and qu&drature-
spoctral donsities of a certaln two-aLmenslonal stationary '
Gaussirn vector nrocess and utilizing the results of “hapters
3 and i which deal witn tho statlatloul estimation of functlons
of these donslties., A dlacussion of wthe statlsatlical estimation
of the frequency response function ¢ 8 linear time-ieverlant

syatex !3 now presonted,

Best Available Copy



.. Consider the fo.‘..}.cvl_:i:gx mo3al:

‘

k()

L b :'x"(t)?: n(t)

. Witih meference to Fig. (6}, &
x(t): = 'ablsa'.lr;put; ' N
‘n{t) = extranecus nilsa fnzu
PR {8 ‘{-‘ L x(t) + _I..'::"i‘:‘)) = nuise oﬁ:::z;‘:
(\5"33') e, (t) = ermrin peeszing inmput  x{1)

' e_o(-t). = error I mees—i=g cutpus . y{1)
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It'iu slear from (5,21) and (5.22) that tke funotlonn
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rxx':‘yy'o‘q" %;—x, %—x;, P, Q y Z, gxd r are cff pa_rtio\.-\lu‘

intorest in studying the nolses and the ayatem T, These

IRy I

functions can be estimatad from a finite part < the mea-

e .
aen’s

surod [ input, output] record [ x#{t), y#(t)] az3 the sampling

LW

variability of the estimators discussed by meus of ths dia=

::: . ' tributioms given in Chapter 4, More procisely,«zat can be
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functions 6: averages of the donsltSQs rxx.Tryy.:c. q- where

the anr;;op'(ro'auch as t. sniiantrate most of thelr welight
fn narrcw frsquency baade. Jiven below Ln'TAple <V 1a a liet

o the functions to be estirrsieu fln the sense just d;scusaéd)

ad the estimators for these functloas. Tho Conplox-wiahgrt'
d:stribuiion and related digf?ﬁ*ut‘;u:'dorivod,in Chapter

give the distributions of the-Aptzmttora. The dls;ributionq

which are relevant to discussing the variabllity of a given’

outlm‘tor sre indicated in thq 1.2 colunn of a Tatle IV.
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The results of Section 4.8 can be uged to Pima oxperiﬁents
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to "measure" the frequsncy response functlon., 7o faci{litate

e 0"
s v Ta % e

[ A A o

such use the functions
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(5.23)
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A(b = are aln (

' ' ' were corputed for varluua values of the argumenté v®,P,m,N*

-
s

and listed in Table V. From Sectlions 3.6, 3.7, 4.8 and 5.1,
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N = lewath of rocord,

= S U B B
. 7 m = N-2M-1), o

‘ (5.25)_ N' = Nom = erfoctive length of rooord,

¢y¥ = a priori catimute of coherency,

. P'i' conridenco lavel,

l Purthermoro, in (s.24) -

o

S - ' . Ta
A A
Sample phase = Arg(Q, +:Q, Yy
o " 1

' uhere the polynomial filteru used 1n computling the aa ,6 ' né..

given by (3 99) and the polynomial filbors used n computing
the Q°L are given by (3 100), and 1n each case . (KO,K ) L{a given

by (3.38.1). With P= 0.75, ﬂ-o 50, m=30, N'=1000 one has
(see Table V) ainétb §0,21,8p = 12°, What 1s achieved with a
record twice as long? With P = 0. 75, '=O.SC,.m=30, N1=2000%
unuﬁxowwnse" ' o




A e
7~ -’

i

-«
-

-
-

el
- ‘

P

s %"

* . 5 2 .
AP
ERP NP & B e

i

P

v it
2 %A

I ."-

[ L

A R

TR T

R+

e RIP o b st i,

=

EYRN

i

WM LLT

-

N . Jr |
I‘Elilnntorarq! Interess in Studvinz A Linsar Tlno-!nvnrlcnf.SVtKSQ}
Funetion Estimator Coapl;x Wishaert Relevant Dilstridutlans
‘Eatinated Lo : Varliable . : T e
' Correspondlng ..
to Fetimatonr
Lrx . act ' N (564 ,(4.43)
St &, B KIRCINTRRY
. ) . ‘
o a“ ¢ 4.70),(4.115) B
T ] - AL
q aot— ‘D (3.72),(4.0235)
o/ c he92 91
s ﬁn aﬂ A (4.92) ,(L.91)
W/ q o/, (4.93),(4.9%)
ey ) F s LT
pu Ly e L (4.97),(4.81)
i X - ) q‘ i i
¢b'kr5(o*iq) Lrg(ayllﬁt.) Lrs(C-lb)r {40100 ML S8 UGB YIN 5G]
ateq® Q:’ + d; ~8 4 pl e
L= f‘;’%;; “"“"“""‘ia“ qp "__’—2"“ (4.,60}),(4.55" -
1 Py o
] ’ [
s &Y’ + be c% & Y (4.60)
r. e ep——— .
T~ @y P Ty Y6 |A3 - C® oD *

1Por additlonal astimators -efar to trhe materiel of Chepter 4 demling

vith cthe eom;:t 1x repregalon =cefficlent, In parilovier ses (4.9),

(!}.10)‘ and U‘&u‘l)o

- 1l <




.
i3
2

s

o/

e

"y
A A
‘g Y16
yeg -

N
. -tu

os’

3
-
PR

T AT

"o ey
e et Ay
S 04 -

tau
Tty
e
(Y3
122 -

oy

R A

ont

SRty

o
Vi)

(1128
L3
oy
ot

Yy

173,

Y

Ly’

HES

T

[

IR

Faa
Wy
¥r)

o
i

wils
it

e

SR N

(/71

148

0y
8ty -
. A

S, e
TN

' !n.

. ...wu..

SR
e
i

un
(4
we
N2 7
R LA
S LI

12
I
1144

Yoo

.12
L4 % 1 TN
T
175

Iy - !u

.,. 3....‘
14
| J148

L
L

(1130 we
L1/ Niie
L AN VI LY
11 208 FIPIRNERE L7 M (/L0
(74 R
T2 &
e

S
b

[ 744
iy

Y-

st e

Ay sy -

T
v vt/

A LI
o 19 -

See.se
e uE
ey wr
AL A

59 5L

9

Y S Y 14

8oL ST
Tt sz,
. tey y9r°,
1 S T
L1597 909"

£se, 05

Sy
e
L

Sae e

e e .
Iz
Ly
viy'

Lo

G2 002
e AL
oy iy’
207 L

it e

$43° OUL

. t.b.w -

¥34°

6t
(724
g’

L
ey’

14
set
Tgat’
R

He

1428
R

| 149

0T
»nt
s9t”

T
- ey

e

L1y

k1

AN

F74 38

112
1§
(431

oy
r
[ 9% 4

cee

A quen
be go

IR AL

‘e
o~

(212

e

LA
(47

il

«rt
cat

(728

ry -
vy

v’

“e

1l
Al

T

coT”

.
v see
DI 743
[ Rasd
S X
5 ﬂ..cua
N 33

ta)

B W & o S

= .co:u‘c:urm“q..omno«xuco:vo.. g jc ,."EuEme. 10} spuog u;u,..,.,.«..T

Ju07)-@jpwixoiddy ,

- Ut
K14

v

KT 3

144

R
477

§
22
”e

ar’
|3 148
119

st

[14%
21

e

141
2
(724
nt
(A%
i
(244
o

uy’

anl
S

s
oy

(¥4
€°e

ST

srt”

o’

15z
514

14

ocr”
€5

i
Iy,
L
it
4.C
¢y
114

‘un

(119
wil°
wnt
sl
e’
oL

ey
1tz

01
8L
sri.
9T
e

a1
(Y74
€ig
10
1"
[$0 A
114

(419

91
[t &
e’
I
[749
vir

-

=
8l

14 20
ey

o

[t 174
7]
ey
"'
"y
€
714
o

rnl’
741
>t
e

oot
s
A

.21}
usa 1Y
oy

xXr

-162=




- _ -
»
. . AR VIR T A (TR T YA RN 1 1 B TR T AR (TR NI TR U TR T
A N A LT A (A A T N LTI (T LA V) YTl
. DI A1 SRS | QR S T SRVL R L YRR TY A 1T SN 7Y S Y AR VA § R R IR LA L A LA X 14
- S =B CARUTA AT L I A1 B L AR A SN 50 PILANET T AY S B T I < 1] A TR A YA
- Con T AR L LI 1T S B U U LTI I AR T 7 B LU
- : L R TY A UYL U TV Ry B IO AN A I TN ] S o diy w4 K Ay
—_— . E . s CRU R YR LRy A S VR T A M oLf- WLy v R
: R ¥ S XY Y R A VU e T
S . YT R T B TR THR. TR (TR {0 I LU IR LA TR WA N AN VTR TR T 4
e .- . LT Y A LY A YT T A T N VI R AT ST ey T AN TY A A TR TSI I
e : . S L T S V7 A T Y A LY A T I M TR S A LY wl S64 -l w1l st
. . G R A TR T A T T S T 1 I 3 LA L gy 4y Yk et et v
X - .. . Wy NS s PSR 23 SVL AT Y S T RS VAR 4 TSR S AN TRl RN T B TR0 13
- - RV TR YA . I Y I/ R O/ LR VL A7 ALY .Sn.. ’ R N U N A LV TR ¢ 1 T
. . K - L AW ST I - S W Y L AP TR B R TP RN T S B VTRVt
. S e e o e TSRV IR LAY B L M I /SO o N 12
T R L A T Y L VT R s T O LA A L 4 S DR
- - TSRl 6L . WSO 9SLT. OTLT RQL.. BAL 6.7 41T OFLT ef1T Wt 4 BRI A AL M S M L L S
. : R BTt SR S TR 1 TANTISN T VAN W L VY SR V1 Wt 77 S 31 B A 1A L IO TR
< Co . N TAIC S 7 S: < Y SUL { AN {3 AT FAl * AV AN ¢ ¢ S 4 SR VIR ¥ Lo sl sel -l
’ L o SR 11 A O < 4T A 71 7 Y AR YR TUARNE ¢ SR 77 ST T L8 1A PRERRUIY { JRF {1 ST 7 T, SEREV I b4
ST DR B VO A TY I o L T B 705N ST ST S <t gt et ST N i f
o . U e e Tew 6T AW Sy NS S Gy ov wedt g e T WeHa 0%y S0y, eel 9
Tt B S T e o sy W s gy ey - T 08 ST Rty 00 55
R e ..:3‘9. -c.onf,a. 1) :“..u. $g5en b9 WTun g9 gain 4 pue . TR YU T R YTV Y L)
A R AR SR LR (R SR L
A Do T i - (panugubo) AdJqRL
PO .o, . .. - -t . i - Y .. .... .,. * - : . R .

VAN A 148

MLl

A I

R i
N o

iy
L
AT TR Y o

o e

Lme
it
uiv
iy

v
ITIRL]]
17t ot
[TV AR
thr e
ity iy

yiy

w0
CHEE LT T N
IPYAEE7 T I A ¥ A
T S VA 73
ol Yt il HIL
Uy i 9L e
kS v N
P30 ST /A4 N

Rit
"

& owe

(344

1z
{34

P47 BT 4

ol

134

el
It

ot

7 AT Y
A TN
w2

Coons
@l Wl

R 44

3,5. (22 ) O3]

o -

w'

e

Ii{Al

P
(LTI
150t
val nef
K]

1y

n

LTI A

uyi 4yl
"I T4
LY ARNT A

(V72114

e 0L

1 4

uy’
€’
oW Wi
B

. 1%
(A1 AN 110
Fii AR 144

: : $un
i1}

ot

Nv—....

(YO

¥y vl
i
[LYRL]]
[ YA L
LAY
[T X R IT XA
Ity iy
tu; W
M
Wil b
vl it
Lv M
(AT 114
e el

L7 AT

AN
LM (]
(K LN
g Bt
48 B4 S Bt
[ I
481" 8zl’
Wt el

LR
ot

05

Y

ol
-\.-.
foary
e,
tert
ir.f-
s
A

!

YA

trdn
Prs
a4
£
s
it

- 183~

ost Available CoPY




)

B LY

PR # wos

(

pomigiuos) A 8981

*

ML) B I W WEE MR A0 01T sA ALY L8 M B A1 LI SO Y01t 060 040 9400 940"
02 0z WAL O O W L L AL 8T E0T 3 2T L e el ST L LT AL SoU %0 $e0° s’
6T 9T WL DI WD 0K LU WRUTORL T R IOLT 01T L TSR ML 91 491 e 110 Gt ST 01w
bodlyes i e T S T A BT R I NN 4
e v ene - e %L ol YT GLT DI T - L A 723N S Tl S N S TR TE
o5 ST O ST YRy MU 0T S Lz &7 1w T TLTUWSET 9L O 9ST BT M I 9el” vsl
V7T A TU A o S = L g L LT 1 T 1 - R LY S5y 6 0P WO WO 2000 W o vl
ey =y R B A T DR VL LT ST e LUy SsY vt o5e
eI PSET Y1t 1M RTISTICD BO1T W01 8907880 uW° L% QWX T 0 6IL Sl eOU BII° 280" L0': ¥EO' ¥EO' 0" 890"

[ TSI VAR . TR TR 00 2 F SR 7 1 R T4SN -+ T/ A LR L 75 w) 8C1° 8CL” QUI° 9LL" TUL" TN - £80° L&0T  &L0° ALO°
Y2t 0z L L3 AN ST YSLT 9LLC STLT wTL 97 1) em) |y WiT 01" SSUTSSIY el GBI 611" 811 2407 160"
q T B’ Y& OO 09T, YIT WL OB MV WL ALiT STULST L[S - mroesr smt £t eert 8a° - 1217°CZ SEIT BEL
28" orc” CLT" - 862" y8I°  $ST° IST". OO WL OOl° &o:” ivl® 117 lO.. S 18Z° 80 vSTT USTT GITT EITTT 8L 1817 S%IC SSHT

D 8y v sovt Leb ST T BTt eI LGTT SEU WEL LT 191 D9 O . . O 9 682 vel €92 09 ST €20 181 o8l
ST et K4S 9SO Oy Dy 080 LT 86T YOUT - yelT 06" 10% oY o T8Iy SiY (X LT LT eIC . 13T BT ST I
Lss° M AL OIL W9 ST LSY LYy CSY STet sl el CRILT 059 SN ST OIS Ly BIFSIY TLL' 9IL
SL1°ARUC ML PLLT 860" B40 ON0T.0R0° 93 07 BT 0T . MO’ ¥R0° 9XO° 907 WY W' e5et S0 Twor ovor

CENMY BN M B OO CE NI P Tt 200 0 080° §10° §%0° D Lt 00t e MY a0 0t D 9500 o
&L 107 eo47 Del . ColT I ol 0PV TPI pIL 820 W40 OHO° D20 ¢ TOALT AT et WU N Le) T v U0 e20° e%0”

LT QLT pL YL LTl 0z 1000 TR IO oviTONL w U I pwt 1T 0l g5t S et ettt sttt £en se0®
. o« 10T 0C 6L . O 7 P e n.-” 8y a8y /51T LU 0 el tet° LU vz ooyt ot - vet ECC #0410 fo1°
oy . laL” 070 ISt g o Nﬁn-ﬂm MM.N_M. nuw..nﬂw. kAl N... ¥ LU QW ol Wl et ovlt SSUUESL 9Lt sIt”

oCs” 5T v oY 0T o KOOI B 7 A 2 AN 17 S s H 4 1y R A TCARNE o1 AR VYA T2 4 2 AGR 71 Sl VY S < 4 S 74

e UM G L CA S 005 95T Oy 6L BECT CCC 0T MIL - B SIY N Lt T 9180 8L 8Ll ST &

o WOATVIE 97 gt 8T GTVD T GT 4T 7 AT 4T Swe SR AT TRT SYVIS gg pous $F dpunt gp  boup

R L 2 B L A L AN + o % o o€ - or.

Bt
990" 990" I90° 270 ;oL
Y0 ¥0° 0% M (22431
052" 080 ¥20° v o5
621" 8217 g0l vl _u, o
13 A < 4 SOV S V2T RGN (oo
B Ly TR 9LLT um o
o o8 w1 L’ 74
0e e Nt o ml
650° 450" MmO 8y oz
890" £70° 0" 960" . 0051
yE0© ¥EO© £20° €90° T 0Co!
6117 8110 Led” L&D" 11, o
yeUr gott U w1 17 oy
[ U~ TR A T e
TeLT 16 SEU SSU - ong
182" TSI I -]}
0’ 10" 100’ ta° 1741
e’ Bvd' 40" Lo’ 729!
L6507 e00° 0 3 g UM
ot oyt 6707 e T 7
60" W' B B _.s xy
60t ;tt g g 1 oo
¥Cit L 8010 &t 4
61 1at” £51° €510 X1
 byup 7 “ ‘
st o1 . “

-164-

Best AVailable COpy




Table V' vontinsed) <0 Lo

‘T ‘3spidas
-1 Razsensy
SRLLLEEET
§ tERRIEE
yT §aRidesy
B M EEERLY T
&Y gzizEegy
- T s232386%
AT R321883%
ANFTYEL IO
=¥ 33288883
§ 23383383
<7 127855
i
9T 3333933
 F 33338333

0

b oAb unap e} vcl‘d},:f. sineh  of oinef af

@

13 ~

10
vadp 2p alaa

“

r-090

N

I

T304 g ¥
14 .04

.........

........

73

»
¥ ]
10
076
(7]

08/ .087 .
a%) .50 .C%8

o .o
. .C43 043 048

SITIT Y.

175
121
Um
('}
(24
053
43
Wz

........

K. N7
L G
[ - Nt |
LY o3
.ad: e
Qs @S5
22 .22

o

Pl ]
56
%
LN
VG
150
2

A -
.........

.........

........

----------

---------

v
......

.........

........

........

..........

.........

--------

........

.......

........

285588531
SRY=8E38

........

.........

208
141
14
ot
034
[
<N
43

.......

........

LR

Sest Available Gopy

.

ENERLES
TEEERLE

IRRRRREE
gAziznes.

.........

RRBIEFAG ¢
SERES L1 T
YRAIVTEE
CIRS8%SEE -

17
ns
173
147
11
o1
4
04

........

RRE38EEE
54384838
REIITEIY
=328F38F
St
Srcror SRR
INNNE2EE
§8Rz834%
r3anasgy

........

--------

7

5
17y
23

- 135
R4
ar7
Ot

........

nz
[ }]
0rdy
asr

1Bl

-----

72
A9
153 183

227

153

123

1R
73

[77 3 1]

131
116

[+ .S 23
o7 .57

........

225
153
123
13

» 23
s
(2]
(7%

$3358333
SR REE

-------

........

........




.l
(2]

(3]

BibLltography

Parnes, G.H, and E S, Krondol ‘Interim Raport on Hyuman '
Frequency Respcnac Studies, Wrignt ALr Dovolopmont .
ContoF_Toohnicil Repoxt hh-170 195h. . L e

Cramer. H., On the "hoory of Stationary Random Procsunos‘

“Annals of Mathematica, 4l, 215-230, 1940,

Doob Je L.; ‘Stochautig Procoaaou“ 'John wiloy and Sona,~

.‘Ino., ‘New York, 1953.

'_mf

" te)
.,‘r'n’
ts)
[91'
(10}

{11]

'(121

. Trlcomi, "Higher Transcendontal Functlons¥, Vola 1 2, 3,

Frddlyl, A., W. Mugnus, F. Oborhuttingor, And PO, o
MeGraw-H11l. Book Co., Inc., New York, 1955. o

Erdelyi. A.. w Nagnus, Fe OborhoLLingor anﬁ F. G.;rioomi, ,“
“Tuble of Integral Transforms®, Volu. l,g, McGrau-Hlll -

_ Book T3, Inc., New-York, 1955.

Orenand,r, U.. and’ M, Rosenblatt 'Conmontn on Statiationl
Spectral Analysia” Skund Aktunrietidukrlrt, 16 18~~¢02,

1953,

Grennndor, U., and M. Rosenblatt 'On Spootral Annlylil
of Staticnary Time Seriles",. Proec.. Nat .Acad., of Qcionool
U.S.A., 38, 519-521, 1952._,~, . .

isﬁ? H.,' Hydrodyﬂamics‘ Dovov Publicationa, Nuu.~ork, R

Leo, Y. W., Application of Statiqtical hothods to Comwuni- j‘ 
cation Problems, Tech, Roport No, ldl Houearch Enboratory
of Electronies, M.I.T., 1950.‘_ : . . :

Loet, L.B., "Tho Yebrretds Theory of Gaueu' MéOrungill.,
Book Co., Inc., New Ycrk, 191u. ) o : :

Pmuoraky, HeA. and I, ° ven der lHav. | ‘tnti«ticnl Proportioa
of the Vertical Plux anu "fnetic Fnerpy at 100 Mators,
Dopt, of Hbteoroiogv Hcv*-'*"Ponnuylvunln State Unlvoralty.

195h.,

Ploraon, W, J., Wind Genopatod Gravity Wavos, "Advancea In
Gonaphysica®, Vol, 2, 7J1- 178, Acndomic Prous Inc., Now
York, 1&55. .

- 14071 -

Best Available Copy



- Englneering Statistics Group, N.Y.U},.l955.f;

’

Powor Spocﬁral Mathods of Aﬁalys}aj_
smics, a

Prass, H., and J.W. Tukey,

.and their Application to Provlems in Airplane Dyn. v
. "F1llght Test Manual, Vol IV Inutrumentation" pp. IVC:l -
- IVeihl, North Atlantie Treaty Oruanization, Advisory Group =
for Aeronuutical Research and Development, Edited by E.J.Durbin,.

A

Rosenblatt, M, Esti{mation of the Cross Spuctra of - -

Stationary Vector frocesees, Sclentiflic Paper No. 2,

Rosenblatt, M., Zn-Spactra and Quadrnturs Spectra,

"~ Sclentific Paper -No, 3, knglneering Statlistics Group,’ .

N.Y.U., 1955.

‘Rosenblatt, M., Timo Serles, (notes of a courss given at. .
“tihe Unlversity of Chicugo In thy Wintsv Quorter, 1953), -

nrpnhlished manusenipt) . .

Tukay,jJ;V.; Efnnﬁwﬁng'Néihn C&IHr.
2989, T T T e .
Tukej;'J.w;,.Sumplinp'Thdory~df-Po§ef Spéctruﬁ-ﬁstihﬁtes;
Sympbsium on Applications of Autocorrelation Anaslysis -
to Physical Froclems, Woods lolo, Mass., June, 1949,

- ONR Publicatiorn NAVEK0S-P.715, -

Wilks, S.S., “Matheméilcél'Sﬁatiat1c§9,wPfincétbﬁ
University Press, Princeton, Qh7e e e

- 168 «

Best Available Copy



